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Abstract—Invasive brain-computer interfaces (BCls) have Index Terms—Direct dynamic programming (DDP), Lorenz
the capability to simultaneously record discrete signals across system, multiscale dynamics, point-to-point control, recursive
multiple scales, but how to effectively process and analyze least square (RLS), spiking neural network (SNN).
these potentially related signals remains an open challenge. This
article introduces an innovative approach that merges modern
control theory with spiking neural networks (SNNs) to bridge
the gap among multiscale discrete information. Speci cally, the |. INTRODUCTION
macroscopic point-to-point trajectory is formulated as an optimal ECENTLY, the study of the brain has been a con-
control problem with xed terminal time and state, and it is sistently prominent and discussed topic. Research

iteratively solved using the direct dynamic programming (DDP) . . g . - . . -
algorithm. Additionally, SNN is utilized to simulate microscale in_ brain science is distinguished by the integration of

neural activities in the premotor cortex, employing the product Multiple disciplines, including biologyl], mathematicq2],
of the weighted adjacency matrix and the mesoscale ring rate physics[3], molecular dynamic$4], network sciencgs], [6],
to approximate the macroscopic trajectory. The error between and complex system§7], [8], [9], [10], [11], [12], [13]. To
actual macroscale behavior and the preceding approximation is unveil the mysteries of the brain, diverse methods

then used to update the weighted adjacency matrix through the . .
recursive least square (RLS) method. Analysis and simulation such as machine leamingl4], [15], [16], deep learn-

of various tasks, including low-dimensional point-to-point tasks, ing [17], [18], [19], [20], [21], biological experimentg{22],
high-dimensional complex Lorenz systems, and center-out-and- and other methods, are employed to comprehend and analyze
back tasks, verify the feasibility and interpretability of our the brain from various perspectives, including anatomy, func-
method in proc_:essin_g multiscale signal_s rangi_ng from spiking tional connectivity [3], [23], [24], and plasticity [25], [26].
gggtr%risﬂigor?; tion trajectory through the integration of SNN and Cognitive functions are perceived to be controlled via transient
network-level control mechanisms by the brain similar to
those employed in social, technological, and cyberbphysical
systemg[27], [28], [29]. In terms of functional divisions, the
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investigated in36], and it was recommended that a schemepntribution to motor cortex decisions involved a topological
including anatomical terms, should be used as the foundati@organization of the mesoscopic functional network, and the
for categorizing functional brain networks. Researchers hametworkOs intrinsic features reRected its behavioral function-
not only studied the motor planning function of the PMG@ilities. The study in[44] used network control theory to
at a single scale (e.g., a micro or macro scale) but haseamine how structural features of the brain relate to the
also started to utilize interdisciplinary methods and multiscatemporal dynamics of cognitive processes, through debning a
information to understand its function better. Jude e{3#] neural systemOs trajectory and controllability as its temporal
proposed an unsupervised domain adaptation method thath through states and the ability to manipulate network
combines a sequential variational autoencoder. This appro@cmponents to achieve a desired trajectory. Above all, the SNN
demonstrates the capability to translate microscopic spi&éns to bridge the gap between neuroscience and machine
trains into macroscopic motion behaviors and reconstruct spikarning, and uses the model that best bts the biological neuron
trains from latent variable spaces. mechanism to calculate, which is closer to its biological
Although researchers have attempted to analyze neurooalinterpart. The synaptic plasticity of the nervous system
activity and motor behavior in the PMC at multiple scales, #gndows SNN with promising capabilities to learn and imitate.
remains challenging to comprehend how discrete signals &fetwork science provides deep insights into the structure and
transformed among macro, mesoscopic, and micro scales.dmamics of complex network systeni5], [46]. However,
the third generation of artibcial neural networks, spiking neuralost of the current work is either only from the macroscopic
networks (SNNSs) offer advantages, such as biological plauscale, that is, extrinsic behaviors, or only from the microscopic
bility and interpretability, making them useful for simulatingscale, that is, intrinsic spikes and Pring rate, to analyze the
the microscopic spikes and mesoscopic population codidgnamics of neuronal activities in the PMC under specibc
of neuronal activities. IM[38], the SNN based on the leakymotor control tasks.
integrate-and-bPre model implemented a novel continuous-Multiscale brain modeling is challenging, in part because
time output coding scheme, trained with both macroscopicis hard to simultaneously acquire information from several
kinematic data and microscopic neural signals from monkeysfales and levels. The main motivation behind this article
PMC, vyielding positive ofRine test results. [89], it was stems from an advantage we possess in our brain-computer
demonstrated that neuromodulated synaptic plasticity modeiserface (BCI) project. Employing an invasive BCI approach
from neuroscience can be trained in an SNN using a learnirajlows us to simultaneously capture signals at different scales.
to-learn framework through gradient descent, enabling theBy utilizing multiscale information, we can analyze the
to tackle complex online learning tasks. Additionally, incorrelationship between brain electrical signals and macroscopic
porating synaptic delay plasticity in supervised learning wéehavior signals concurrently, which is challenging for tradi-
proposed in[40], whereby both the synaptic delays andional methods that focus on a specibed scale to analyze brain
weights of the learning neurons are adjusted to promote preoidectrical signals. Additionally, we still do not fully understand
pring. Munn et al.[41] utilized the Izhikevich neuron for a how changes at one scale or level impact others. Challenges in
numerical simulation of a 5-layer pyramidal neuron modedliscretizing signals across multiple scales persist, and a theory
investigating the spike and burst dynamics in unconscioubat can handle discrete information at three scales (macro,
dreaming, and awake states. The study highlighted hierarchiocaso, and micro) is urgently needed. The aim of this article
coarse-grained sampling dynamics aligning with macro-scateto theoretically present a practical approach for handling
electrophysiological recordings in macaques and humansyltiscale discrete information in the PMC, with the hope that
emphasizing the potential of multiscale modeling in addressitiyjs approach may be extended to other brain regions. The
theoretical gaps in consciousness research. main contributions of this article are summarized as follows.
Modern control theory (or network control theory) typically 1) At the macro scale, we introduce a direct iterative
models motion planning as an optimal control problem, which  dynamic programming method known as direct dynamic
is widely studied for its excellent interpretability and stability. programming (DDP), which is theoretically derived
A dynamic system can be controlled by applying suitable  and subsequently applied to simulate optimal motion
external inputs to move its internal state from any initial state  trajectories with both bxed terminal time and end state.
to any reachable bnal state within a bnite time interval. This2) At the meso scale, an recursive least square (RLS)
approach is also used to explain and understand the motion- algorithm modibcation is directly used to update the
planning function of the PMC. As demonstrated [#2], a weighted adjacency matrix in the SNN, which supports
novel framework for complex systems theory and network  processing discrete signals after a clear debnition of
science has been devised, which can be applied to model and mesoscale signals, that is, the Pre rate population coding
investigate interconnected systems, elucidating the interactions of discrete microscale spikes.
within and between different layers of information. [43], 3) Three tasks, including the point-to-point task in low
researchers analyzed neuronal activity in the dorsal PMC of dimensions, the complex Lorenz system in high dimen-
rhesus monkeys during a stop-signal task, and found that sions, and the center-out-and-back task in BCI projects,
the hierarchy and strength of information exchange among are simulated and analyzed to verify the feasibility and
network modules varied with the type of action generated interpretability of our method in processing multiscale
or canceled and was related to the complexity and hetero- discrete signals with various dynamics, through biolog-
geneity of the network. These results suggest that the PMCOs ically plausible integration of SNN and control theory.
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TABLE |
Il. PRELIMINARIES PARAMETERS OFIZHIKEVICH MODEL

A. Dynamic System

1) Weighted Adjacency Matrix in SNNA/e consider a Parargeters ;l;l)ueF
directed graptG = (V, E), whereV andE are the vertex and v 60 I/;LIV
edge sets, respectively. L&t= [ajj] be the weighted adjacency Ut: 30 mV
matrix of G, whereg; represents the synaptic strength with v ‘t 65 mV
the edge fromi to j, including aj = O whenever(i,j) / E. rzje 192 mV
The weighted adjacency matrix changes over tiles | V| o 0.01 ms—1
represents the number of neurons in SNN. b 2 1S

2) Coefbcient Matrices in Macroscale Dynamic System: d 200 pA
The PMC instructs our hands and legs to perform macroscopic f 2.5 ns/mV

motor tasks like grasping and walking. These movements are 4 20 ms
low-dimensional and visible to the naked eye. However, at
the microscale, these movements are guided by the popular
activities of many motor neurons.

However, tthe dimension of macroscopic motion trajector\xhenv
is far smaller thanN-dimensional. To understand the rela-
tionship between macro and micro control targets, we debne V. Vieset
a k-dimensional macro control target ~ R¥, where 1 u u+d-"

k N. To satisfy the consistency of matrix dimensions at

a macroscopic scale, we debne= { 1, 2,..., k}, and The parameterl is current. For the Izhikevich model

construct a selection matrix indicates voltage andi indicates adaptation current. Upon

0 0 0 reaching a threshold, the neuronOs membrane potential will
) be set to a reset potentigleset The adaptation currenty,

1, 0 : O for the Izhikevich model increases by a discrete amaiint

1 : (1) every time the neurons bre spikes and serves to slow down

_ the bring rate. Variables included in the Izhikevich model

: o : 1, are membrane capacitan€e resting membrane potentigy,

0 0 0 \xk threshold membrane potential reciprocal of adaptation time

constanta, control action potential half-widthi and control

resonance properties of the modbel

The spikes are bltered by the double exponential blter

Tr 2 ms

Vth

2

where 1,,i = 1,...,k, denotes that ;" element of the
N-dimensional vector is scalar 1.
We employ a simpliped discrete time, linear, and time-

: o T
variant model =3 4 h
x(t+ 1) = AXt) @) _ h;_’ 1 )
=S —+ — t St 6
wherex(t) RKandA= CTA(0)C R¥K present the state ! rord e Ik ©
and system matrix of control system, respectival§) is the
initial weighted adjacency matrix at time stepg O. wherer; is the bring rate of th¢gth neuron,hy is the helping
Let K = {kq, ko, ..., kn},m k be independently con- variable, andtj is the kth spike bred by thgth neuron.
trolled, and let r and g are the synaptic rise time and the synaptic decay
time, respectively. Hence, the output of the network can be
BK = GGy By (3) described by
be the input matrix, wherey, i [1, m] denotes theith -
x(t) = CTA(Dr(t) 7

canonical vector of dimensiok. Equation(2) with control

nodeskK reads as . . .
where x(t) is the output of SNN to simulate macroscopic

x(t+ 1) = AX(t) + Bk uk (t) (4) behavior and\(t) is weighted adjacency matrix at time step
The parameters of the Izhikevich model are listed in the

whereug  R™denotes the control strategy, that is, the contr%” owing Table|

energy injected into the control system via the noHes

B. Spiking Neural Network C. Distribution of Initial Synaptic StrengtA(0)
Our network consists of Izhikevich neurons, which are the A directed graphG = (V, E) is considered, wher® and
following form: E are the vertex and edge sets, respectively.Aet [a;] be
. . . the weighted adjacency matrix &, wherea; represents the
Cv=fvSw)(vSw)Su+l synaptic strength with the edge froimo j, includingaj = 0
u=albvSv)Su) (5) wheneveri,j) / E.
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In this article, the element; in the initial synaptic strength and
A satisfy the following distribution:

) Podi k81= Xig1Yks1. (15)
a N O % -B(1, p) i.i.d. (8) Hence, according t612)5(15), we can derive that
where N (-) and B(-) are Gaussian random couplings and k= P Xgs1Yks1+ Xuyi
Bernoulli distribution, respectively. The valggis the inverse _ &1 & T
of p, andp denotes the sparsity of matri(0). Hence, we = P Pig1S XX i1+ Xiyk
can r(ialculate the expectation and variance of the elenagnts = &1+ PrXk k (16)
as shown .
5 where = y, S XT ks1. According to matrix inversion
Ea =EN O gﬁ "EB(1,p) =0-p=0 (9) lemma[48], we have
. S1
and Pk = Pis1S PrsiXk 1+ XgPrsiXk  XgPis1
2 2 . Pra1XiX] Pis
_ g - P k§1XkX Pks1 17
T 2 . = Pk —_— .
Daj =E N 03 -B(Lp) s15 XTP&1Xx (17)
SEZN 0 o B(L p) Now, we obtain the solution of the RLS
[ ) 3 p
) k= K81+ PrXk k
2 = g xT -
-E N oY  EBapy k= VeS A ks (18)
— - PrsaXkX Pks1
N P, = Praq, S IS kAKTKSL
, k kS1 1+XIPkélxk .
SE2ZN 0% g2 B(1, p) Using the RLS method, we modify only the selected
2N 5 columns of A(0), leaving other synaptic connections
- DN O g . E2N 0O 9 unchanged with original random values conbgured during
"N "N network initialization. Lee= xS x RK be the error between
x D B(Lp) + E2B(L p) approximation and target aed RN be the augmented vector
' ' of e whereg = &, and the other elements mare zeros. In
_ 9_2 +0 - p(lSp)+ p? the modibcation ofA, we have
1 A AOSP-r-g
= oN (10) = AOSP-r-0,e,8,...,8,0

A(O)é Onx1,P-r-e,,P-r-e,, ...
oo, Pereg, Onxe

To control the chaotic behavior of SNN, a varialeis
multiplied to the initial synaptic strength and the value of
which varies from tasks to tasks.

A SP.r-éef (19)

Remian A(0)
D. Recursive Least Square Method
where

A = A(0)-C and RemiapA(0)) RN*(NSK repre-
It is well known that the least squares problem is shown Bnts © 0A(0)) P

the invariant part &&(0). Matrix P is the intermediate

Y= Xk (11) parameter of updating matri&, similar to Py in (13).

- Kn B Therefore, we establish the framework for learning and
wr?ere Xf . [X]h’x)izj s Xid RT™LXi = controlling multiscale dynamics through SNN with RLS mod-
RSTRRRRR Y ; 'Exl )| [1,...., K and Yk = ipcation, as illustrated in Figl. In Fig. 1(a), a Bowchart
[Y1, Y2, .-,y R¥* are the known input and output datg, jines the analog on-state transition and synaptic strength

pairs. The variable is the parameter to be estimated. Thgsdipcation. The blue dashed box indicates the control energy

least square solution is

S1
k= XPXk X[ Yi (12)

injected into the control systerfd). The blue dashed box
denotes the injected control energy into the control sygtem
The loop in the upper right corner generates a macroscopic

If the data are online, the least squares solution is Vewotion trajectory, while the mesoscopic bring rate of neuronal

resolve the least squares problem under the online paradi
Let P2t = X[ Xk, we have

Pl = Podi+ XiXE. (13)
In the same way, we obtain
XYk = XigqYks1+ Xuyi (14)

E?{;}(,:_ilitating the update of synaptic strength using RLS. On the
eft of Fig. 1(b) illustrates multiscale signals, encompassing
microscale spikes, mesoscale bring activity in the PMC,
and macroscale behaviors from a biological perspective. On
the right side of Figl(b) is an SNN structure utilized for
simulating the PMC. The black circles represent spiking
neurons, and the brown icons inside depict spikes. The intricate
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@) (T TTTTITes ! discrete Euler equations and creating Hamiltonian functions
:u"(t) Control Nodes |22 Xspace x4 D for di'screte minimum principles..The DDP method,'building
L e 1 on discrete dynamic programming, allows for a direct and
Control Energy 4x() recursive solution to the discrete optimal control problems
x(t) ng(t)r e®] mentioned above. The concise solution process is outlined
= -CAOC in Algorithm 1, and a detailed derivation is provided in the
v RES |7 i Supplementary Note 1.
v date M(t)r Without loss of generality, we consider the following time-
pr R ;f(ﬂ invariant system the same witd):
r X(t+ 1) = AX(t) + Bcuk (1) (20)
(b) Biological Artificial k i
iologica rtificta wherex(t) RXanduk(t) R™ denote, respectively, the state
Mot and input of the system at time In modern control theory,
I A RKk s called the system matrix which is constant and
Activly Bk RK*Mis the input matrix. Fixed time steps, initial
o statex(0) = Xp and bnal statx(T) = x;, the performance
Function function is debned as
Spiking Neural Network B
Vixol = 133 xT(k)Qx(K) + uf (R (K
Fig. 1. Framework of learning and controlling with RLS modibcation for V[Xf] =0 k=0 ( )QX( ) K( ) Lk( ) (21)

multiscale dynamics via SNN. (a) Flowchart of analog on state transition
and synaptic strength modibcation. The blue dashed box indicates the control kx k mxm . .
energy. The loop in the upper right corner generates macroscopic motidiere Q R and R R denote semidepPnite and

trajectory, and the loop in the lower corner represents the modiPcation ptf)sitive-debnite matrices, respectively.
synaptic strength using RLS. (b) Biological: A description of multiscale . . s .
signals, such as microscale spikes and mesoscale activity in the PMC an(ﬁccordmg to the de_ta"ed description in the Supplementary
macroscale function. Artibcial: A structure of SNN. The black circles arfblote 1, we can obtairxg Uy (0) x (1) Uy (1)
spiking neurons and the brown icons inside are spikes. The intricate lines. x (T S 1) u, (T S 1) X; sequentially
- . . K
are synaptic connections, representing the structure of SNN. The neurons
utilized in the SNN are Izhikevich neurons, which can be described using the ) uT ] - f
differential equations presented (8). Ug () = Kle -X(j) + Kt?jl . KJ- - X 22)

x(+1)=Ax{)+ Bk u() j=0....TS L

lines symbolize synaptic connections, reRecting the SNNO&or a more comprehensive understanding and effective
structural composition. The neurons employed in the SNMilization of this method, we present Algorithinto provide
are Izhikevich neurons, described by the differential equatioapecibc details and guidance.
in (5). In the SNN, bred spikes can be dynamically adjusted There is a need for the analysis of the algorithmNwhen it
based on the current state of the system, enabling the netwoak transfer the state from any initial stageto a specibc Pnal
to progress toward its desired state. statexs within T time steps. Each column in the matifdg
is a canonical vector as a result of its construction form. This

IIl. CONTROLLABILITY OF MULTISCALE DyNAMICS Via ~ Means that in order to achieve optimal contigl(T S 1) =

SPIKING NEURAL NETWORK (BkBK)>'Bi (¥ S Ax (T § 1)), the matrixBx must be row
full rank. Otherwise, the state (T S 1) is hard to transfer

This section outlines the DDP algorithm for simulatinqnto x; under the control policy, (T §'1). Assume that the

an optimal motion trajectory and optimal control energy : :
A . . g th row of B ing full zeros, we have th timal control
considering both bxed terminal time and state. Additionally, ow of Bk being full zeros, we have the optimal contro

two motion-controlling tasks and one BCI task are introduced, - S1 - .
accompanied by an (gxplanation of the synaptic strength updat- U (TS 1) = B& Bk BE S A-x(TS 1)
ing process incorporating RLS modibcation. 1o 0 X 1S A X811
A. Description and Analysis of the DDP: Direct Dynamic _ 010 & A .
Programming Algorithm With Both Fixed Final Time T and Tl Do _ XTS1,
Final State x 00 0 1 L

Our aim in this derivation is to Pnd a method for directly and § XN S A-XTS1N
recursively obtaining solutions to optimal control problems X1S A-XT811

with Pxed terminal time and state. This approach distin-

guishes itself from traditional methods like discrete Euler _— SA'_X .

equations, discrete minimum principles, and discrete dynamic = Jhisi aa TSList (23)
programming. While these traditional methods can address the X1 XTS1i+1

mentioned problems, they often involve intricate intermediate :

auxiliary terms, such as constructing Lagrange multipliers for X NS A XT§1N
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....... fr_14i € [1,1000]

NV

Algorithm 1 DDP Algorithm With Both Fixed Final Timér Encode  Xo; T

X2i
and Statex (Details in the Supplementary Note 1) ‘ /\/\/ ‘/\/\/‘ /\/\/‘ .......

1: Fixed T, x(0) = %o, X(T)=x, Q 0, R> 0. x(0) — x(1) —x(2) — x(3) > x(T —1) —> Xr
2: The system and performance function satisfy Equation |, 00l sl ad il J
(20) and (21). 0 1 2 3 T-1 T
t 1 t P t
3: Backward Proces§ (0w (@ ue(3) w (T — 1)
4. Attime step TS 1 Atmsi ¥
> According to Equation (34) in SUpETI;memary Note lFig. 2. Schematic of the segmented sine curve for optimal trajectory

we obtainKy,s,, Kxrsq KTgl and Ky, - . transformation.
6: Take the partial derivative oV[x(T S 1)] with

respect tox(T S 1), we can get the value/]S!

XTS1 o .

and V>f<Tsl according to Equations (S6) and (S7) incontrollab|I|ty of t.he dy.namlc systen(4) frgm the. set of
network nodesK is equivalent to the nonsingularity of the

Supplementary Note 1.

controllability Gramian matrix\ [0, T], where

7. Fortime stepj=TS2,...,0: )

8: According to Equations (S8) and (S9) in TS N ¢
Supplementary Note 1, we have the coefbcidfifs Wk[0,T]=  ATSKSig gl ATSKSI (25)
Ky, Kjf = andKy' shown in (S10) in Supplementary k=0
Note 1. Let the dynamic system be controllable Tnsteps, and

o: Similarly, according to the Equation (S12) inbe the desired bnal state at tinie DePne the energy of the
Supplementary Note 1, we take the partial derivativeontrol input as

of V[x(j)]] with respect tox(j) to acquire the valuyi(j T31
and Vf(j shown in Equation (S13) in Supplementary Em Uk 7(0) = uk () % (26)
Note 1. =0
10: Forward process:xp  Uc(0) X (1)  u(1) whereT is the control horizon and
x(TS1) u(MS1 x _ - -
11:  For time stepj = O,___,Té 1: UK,T(t) = {ux (), ux (t+ 1),..., (TS YLt [0, TS 1]
According to Equaitons (S1), (S5) and (S11) in (27)

Supplementary Note 1, we obtain the optimal contr

U (i) andx (j + 1) in Equation(22) ?—||ence, we have the following optimal problem:
K )

TS1
Gmin Em O ,1(0) = u() 5
) ) K. T =0
Hence, we have the optimal Pnal state according to st. X(0) = xo, X(T) = X
system(20) .
. . and satisfy systen(20). (28)
% = A-XTSD+ Bk -u (TSI . : — :
. - Drawing from the functional delineation of the PMC described
= X1 o X,is1 A-X(T S D) X i+ - XN in [47], our brainOs motion control system, with the objective
= X. (24) of achieving smooth and precise movements toward a prede-

termined goal, establishes the movement gpaidentipes the

When By Is row fo" ra_nk, thex; -equ-als t(.) bxed bnal state optimal movement strategy (), and initiates the activation
in (24). The specibc instance is given in the Supplementar)r/1 . o .
Note 2. and adjustment of the initial synaptic strengtft0) of motor

Remark 1:In the study of neural regulation in BCI,neurons. LetQ = 0 andR = Iy be the identity matrix in

researchers embed multichannel electrode arrays into E%u?ﬂﬁnm (153)1 n r;[ihe Suprr]):;arrantatr%hNtot? 1; At\kc‘coc;d:]ngmgo
brains of experimental subjects to control neurons in eac 0 » the unique control Input that steers the dynamic

channel. Specibcally, if the matri&¢ has a row full rank, System with minimum energy is

then the state of network nodes in the corresponding system Uy (1) = thTx(t) + Kil . KI - X (29)
can be controlled to a speciPed state, which is both reasonable . - ;
and consistent with the concept of reverse regulation in B&itht { 0,1,..., TS 1}. The quantities(x’, K, andK; are
research. the constant coefbcients.
Furthermore, withk(0) = xo = 0, x(T) = ¥ andBk being
B. Point-to-Point Control row full rank, the minimum energy inpy29) is equal to
To assess the SNNOs capability to learn a trajectory that ug () = BE ATStS1 TW§1[O, T (30)

satisbes any given targegt from an initial statex(0) within T

steps, we leverage the control theoretical concept of control-Hence, we transform the optimal trajectory acquired3)

lability. A dynamical system is considered controllable if it&ind systen{20) into a piecewise sine curve shown in FR).

state can be driven to a specibed target state through extern&tarting from timet (t = 0), the energyuk (t) is injected

inputs. In control theory, theoretical Pndings indicate that theto nodesk to acquire the state(t + 1) by the means of
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system(4). The difference betweex(t+ 1) andx(t) is encoded D. Center-Out-and-Back Task

into one sinusoid, which shows as To validate the practicality of our method within an actual
e(t) = x(t+ 1) S x(t) (31) BCI scenario, we apply it to a publicly accessible dats{ﬁla}
The data consists of a 96-channel Utah array recording from
and the PMC of a rhesus monkey performing a center-out-and-back
_ X(t) + i task. A highlighted circle randomly appears in one ofNeight
X,i = sin 2 | (32) directions around the center of the screen. The monkeyOs bnger
. _then moves from the center of the screen to the highlighted
where = ([x(t+ 1) Sx(1)]/1000 andM = |x(t+ 1) S circle before returning to the center. In our SNN model,
X()]. | is the number of periods of the sine function thaghere are three scenarios: one utilizing exclusively Izhikevich
can be learned by the SNN in one second. Hemgg,i = neurons, another involving solely biological neurons recorded
1,...,1000 have been new target states at the tirseconds py the BCI, and a third scenario featuring a mix of neurons.
plusi milliseconds. These mixed neurons comprise both biological neurons and

We have described the process of the dynamics in seconggikevich neurons, with the latter simulating neurons that are
Now, in milliseconds, we shall detail the updating of théot directly recorded by the BCI electrode.
weighted adjacency matri& according to the RLS algorithm.
At time t, we Prst obtain the approximatiogi,i [1, 1000] IV. SIMULATION RESULTS

to the target signal by the SNN within the next one second In this section, two motion-controlling tasks along with one

X = CTA(t)r(t + ) (33) BCl task are simulated and analyzed to validate the feasibility
and interpretability of our method in handling multiscale

wherex;j andr(t+ i) are the approximants and the bring ratgjscrete signals. This is achieved through the biologically
of neurons at the time seconds plus milliseconds. Prior to plausible integration of SNN and control theory.

and after the synaptic strength update at tipeg (t) ande; (t)
signify the error between the approximant and target signaly Settings of Simulations

es(t+ i) = CTAWMr(t+ i) S x (34) We conduct our three tasks using MATLAB R2020b soft-
ware on the Linux Ubuntu 18.04.6 LTS operating system,
and powered by an NVIDIA GeForce RTX 3090 graphics card.
e (t+ i) = CTA+ ir(t+ i) S x.i. (35) 1) Low-Dimensional Point-to-Point Control Task¥ithout
’ loss of generality, the targe¢ RX, k = 1 is chosen at
In RLS modibcatior49], [50], we have random, and in this casg; = 43.3639. The initial stateg is

o - , . T set to zero. The number of Izhikevich neurddsand periods
A(t+ 1) = A(t) S P(t+ ir(t+ Des(t+ i) (36)  of the sine function that can be learned by the SNN within one
second are 1000 and 5, respectively. The simulation fime

and
LT ) and the integral interval t for (5)B(6) are 5000 and .04 ms,
P(t+ i) = P(t) S POr(t+ r (t+ HPE (37) respectively. The paramet@&r controlling the chaotic behavior
1+ rT(t+ )P(Or(t+ i) is set to 7500. The parametprrepresenting the sparsity of
where P(t) is an N x N matrix that is updated at the saméhe initial synaptic strength is.08. o
time as the weightsP(t) starts with an initial value 2) High-Dimensional Lorenz System TadRiscretizing the
y Lorenz system using the Euler method with the integral
PO) = >y (38) interval t= 0.1 ms, we can obtain the discrete equation
wherely is the identity matrix and is a constant parameter. x(t+ 1) 1S t t 0 x(t)
yit+ 1) = t 1St O y(t)
C. Lorenz System At+ 1) 0 0 1s t z«Y
0

The point-to-point control task is in low dimensions, and

now we desire the SNN to learn a high-dimensional curve +osxmAy t. (40)

generated by a chaotic system. The Lorenz system is given by XOy() t

the following equations: The parameters of the Lorenz system are 28, = 10
x= (yS$x) and = 8/3_. The parameters of the Izhikevich mo_dellare
y= xS x2Sy (39) c_onsustent with those in Tab]eexcept that the syr_laptlc rise
z=xy$ z timet, = 0.5 ms and decay timgy = 5 ms are modibed. The

number of Izhikevich neuronBl and the simulation timé&

The trajectory produced b§B9) serves as the target for theare 3000 and 50 s, respectively. The sparpityf the initial
SNN. In contrast to point-to-point control tasks, the Lorengynaptic strength is.Q and the paramete® is 10%.
system lacks an explicit control variablg . Nevertheless, the  3) Center-Out-and-Back Taskthe publicly accessible
real-time updating of synaptic strength facilitated by the RL&atasef51] consists of a 96-channel Utah array recording from
method contributes to controlling the learning effect. PMC of a rhesus monkey performing a center-out-and-back
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task. In our SNN model, we explore three distinct scenaritise bring rate of spikes reRects task-related characteristics.
to investigate the role of different types of neurons. Theseg. 3(g) reveals, on a microscopic scale, that neurons exhibit
scenarios are as follows. a more regular Pring pattern after learning compared to before.

1) Exclusive Izhikevich Neuronk this scenario, we exclu- With the activation of RLS, the neurons bre in an organized

sively use Izhikevich neurons in our SNN model. Thenanner, showcasing the impressive learning capability of the
parameters for this scenario are set as folloWs: 96, SNN. Fig.3 collectively emphasizes the feasibility of our
tr = 2 ms,tg = 10 ms, andG = 3x 10% method in analyzing multiscale discrete signals, encompassing
2) Exclusive Biological Neurons (Recorded by BAithe microscale spikes, mesoscale bring rates, and macroscale
second scenario, we utilize solely the biological neuromsotion trajectories.
that have been recorded by the BCI electrodes. The
parameters for this scenario are debPnedNs: 96,
t. = 0.06 ms,ty = 10 ms, andG = 5x 10°. C. Result for High-Dimensional Lorenz System Task
3) Mixed Neurons:In the third scenario, we introduce The PMC achieves smooth readouts through population
a combination of neurons, including both biologicaéncoding, employing multiple neurons to encode the same
neurons and lzhikevich neurons. The latter serves pattern to ensure robustness and stability. To enhance the
simulate neurons that are not directly recorded by ttsenoothness of the network output, a method akin to population
BCI electrodes. For this mixed neuron scenario, thencoding is employed, involving random simulation for 5 iter-
parameters are set as followd:= 96,t, = 0.06 ms, ations, and ultimately, the average is taken. In each simulation,
ty= 10 ms, andG = 5x 102 the orientation set = 1, 2, 3is randomly chosen from the
Each scenario represents a distinct experimental setup, all@ynaptic strength space to learn %eY, andZ trajectories of
ing us to explore the impact of different neuron types arttie Lorenz system.
conbgurations on our SNN modelOs performance and behavioFhe point-to-point control task operates in low dimensions,
and now we assess the SNNOs ability to learn a relatively
) ) ) _ high-dimensional curve generated by a chaotic system.
B. Result for Low-Dimensional Point-to-Point Control Task |, Fig. 4@), the 3-D coordinates of the Lorenz curve

Fig. 3(a) Iillustrates the schematic representation afre learned by the SNN as macroscale positions. The
multiscale dynamics in SNN. The top bgure displays amesoscopic and microscopic dynamics remain consistent
optimal trajectory from the red point to the blue one alongith the description in Fig3(a). The target signal,
with the corresponding control energy. The trajectory withigenerated by(40), and the learning result by the SNN
the blue dashed box transforms into a sinusoidal curve owe depicted in Figd(b)D(c), respectively. The coordinates
time, symbolizing the macroscale position to be learned loj the initial point of the Lorenz system argl0>°, 0, 0).
SNN. In this context, SNN acts as a PMC, and the brifgased on the parameters and , we calculate the
rate, a manifestation of dynamics at the mesoscopic scaleci®rdinates of attractos - ( S 1), (ST, S1-=
generated by learning the curve. At the microscopic scal®4853 8.485327) and (S ( S1,S ( S,
it involves the spike train generated by the spiking neuron.S 1) = ($8.4853 $8.4853 27). Following the population
To ensure dimensional consistency between the macroscaogicoding criterion in the PMC, Figl(c) illustrates the aver-
position and the approximation learned by SNN, consideriraged effect of random learning over 5 epochs, demonstrating
the neural population encoding property, we randomly selectachighly satisfactory outcome. In Fig(d), the black curves
the set = 435436 549. The average results from thregepresent target signals in the Y, andZ directions, while the
simulations and the corresponding error bars are depictedbine dashed lines depict the readouts of the SNN. &ig)

Fig. 3(b)P(c). Following the framework outlined in Fig, displays the pre-and-post errors along tKe Y, and Z
optimal states and optimal controls are transformed into tdé@ections with RLS modibcation. Due to the chaos and
colored sine curve to be learned by SNN within 5 s, asstability inherent in the Lorenz system, these errors exhibit
demonstrated in Fig3(d). The blue dashed line signibes th&uctuations over time.

learned and approximated curve by SNN at the macroscopid-ig. 4(f) presents a heatmap illustrating the Pbring rate
scale. The RLS is activated at time 1 s. F3¢e) illustrates the of neurons 1 to 40, providing insight into the dynamics
pre-and post-errores ande; with RLS modibcation. These of neurons at the mesoscopic scale. As the Lorenz system
errors rapidly converge when RLS is activated, showcasiftgictuates over time in the directions ¥f Y, and Z before

the effectiveness of the RLS method and the superior learniagymptotically converging to the attractor, the bring rate
ability via SNN. gradually increases. On a microscopic scale, B{g) dis-

On the mesoscopic scale, Fig(f) presents a heatmapplays the bring spikes of selected neurons with indexes
illustrating the Pring rate of neurons with indices ranging frorg, 4, 5, 11, 24, 25, and 35. Since not all neurons patrticipate
455 to 550. The lower part of Fig(f) provides a closer view in the learning task, some exhibit minimal changes in mem-
of neurons within the index range from 459 to 463. The brirlgrane potential, resulting in insignibcant spike variations.
rate in the zoomed area aligns with the bring spikes illustrat&tierefore, a selection of neurons is showcased. In i),
in Fig. 3(g). This enlarged section not only demonstrates thtite diverse bring frequencies of different neurons is apparent,
not all neurons are engaged in learning sinusoids but aldcely ref3ecting their reception and transmission of varied
highlights that, as spiking neurons accomplish a specibc tagkprmation throughout the task, indicating the plasticity of
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Fig. 3. Result of point-to-point control task. (a) Schematic representation of multiscale dynamics in SNN. (b) Optimal states applied by Algorithm
(c) Optimal control applied by Algorithn. (d) (Macroscopic scale) target curve and the result learned by SNN. (e) Pre-and-post error with RLS modibcation.
() (Mesoscopic scale) the heat map of the bring rate of neurons from 455 to 550. (g) (Microscopic scale) situation of bring spikes pre-andagost learni
with RLS.

spiking neurons. Collectively, Figt demonstrates the feasibil- Fig. 5(a) is the paradigm of the center-out-and-back task. A
ity and interpretability of our method in analyzing multiscaldighlighted circle randomly appears in one of eight directions
discrete signals, emcompassing microscale spikes, mesoseateind the center of the screen. The monkeyOs bnger then
pring rates, and high-dimensional motion trajectory. moves from the center of the screen to the highlighted
circle before returning to the center. The dataset comprised
480 trials, which can be categorized into 30 groups. Each
D. Result for Center-Out-and-Back Task group comprises 16 classes, and the various directions in
To validate the practicality of our method within an actudfig. 5(a) are indicated by distinct colors, with the gray lines
BCI scenario, we apply it to a publicly accessible dat#s&} depicting the return process from the surrounding 8 directions
and conduct an analysis of the results at three scales: 1) midmthe center point. In Figs(e), at the top, it describes the
2) mesoscopic; and 3) macro. The data consists of a gBocesses of biological data recording and artibcial simulation.
channel Utah array recording from the PMC of a rhesudn the left, the biological data is recorded from PMC by
monkey performing a center-out-and-back task. the BCI. The green-colored neurons are recorded by the
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Fig. 4. Result of SNN learning Lorenz system with RLS modibcation. (a) Multiscale diagram of Lorenz curve for SNN learning. (b) Target curve generated
by (40). The black point is the initial point. Two red stars are attractors of this Lorenz system with paramete®3, = 10, and = 8/3. (c) 3-D
representations of the curve of (d) learned by SNN with RLS modibcation. (d) (Macroscopic scale) 2-D display of the Lorenz system learned by SNN in
X, Y, andZ directions (e) Pre-and post errors aloXgY, andZ directions with RLS modibcation. (f) (Mesoscopic scale) the heat map of the bring rate of
neurons from 1 to 40. (g) (Microscopic scale) situation of Pring spikes with selected neurons.

electrodes, while the orange-colored neurons surrounding thenfrig. 5(b)D(d) describe the monkeyOs macroscopic behavior
are not. On the right, the artibcial SNN model describesd the learning of our SNN model using different types of
the data simulation from microscopic spikes to mesoscopieurons. Among them, the gray curve recorded by the BCI
bring rate. In the SNN model, there are three scenariatescribes the behavior of monkeyOs bnger. The blue curves
one utilizing exclusively Izhikevich neurons, another involvingre the learning outcomes of SNN using lzhikevich neu-
solely biological neurons recorded by the BCI, and a thintbns, biological neurons and mixed neurons in Fign)D(d),
scenario featuring a mix of neurons. These mixed neurorespectively. It is evident that utilizing a combination of
comprise both biological neurons and Izhikevich neurons, witiiological neurons or solely biological neurons yields a more
the latter simulating neurons that are not directly recordeatcurate simulation of the macroscopic trajectory compared
by the BCI electrode. At the bottom of the Fig(e), it to using only Izhikevich neurons. This validates the appli-
introduces the process of how to rearrange bring rate dability of our model in real BCl scenarios. In Fi§(i),

Fig. 5()P(h). i and ¢ represent the length of clagsand we assess the learning performance using Rhescore. On

a group, respectively. The process of rearrangement involthe left, the RZ scores for positionsX and Y, each with
arranging various groups of the same class in chronologi@d neurons, are presented due to the constraints of the
order. 96-channel Utah array. For the use of Izhikevich neurons,
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