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Abstract—1In this article, a new iterative spiking adaptive
dynamic programming (SADP) method based on the Poisson
process is developed to solve optimal impulsive control problems.
For a fixed time interval, combining the Poisson process and the
maximum likelihood estimation (MLE), the three-tuple of state,
spiking interval, and probability of Poisson distribution can be
computed, and then, the iterative value functions and iterative
control laws can be obtained. A property analysis method is
developed to show that the value functions converge to optimal
performance index function as the iterative index increases from
zero to infinity. Finally, two simulation examples are given to
verify the effectiveness of the developed algorithm.

Index Terms— Maximum likelihood estimation (MLE), nonlin-
ear systems, optimal control, Poisson process, spike train, spiking
adaptive dynamic programming (SADP).

I. INTRODUCTION

MPULSIVE behaviors exist widely in many dynamic sys-

tems, such as mathematical biology, engineering control,
and information science [1]-[5]. An impulse is a sudden jump
at an instant during the dynamic process, usually as one
of a series. Although the moment of the jump is extremely
short, it makes a significant influence on the performance of
dynamic systems. Therefore, the research of impulsive control
system has drawn a lot of attention worldwide. In [6], the sta-
bility, robust stabilization, and controllability are analyzed
for singular-impulsive systems via switching control. In [7],
the global stability of switching Hopfield neural networks
with state-dependent impulses is described with an equiva-
lent method. The strategy of hybrid impulsive and switching
control is proposed to establish some new criteria for global
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exponential stability of synchronization of nonlinear systems
based on switched Lyapunov functions [8]-[10]. It should
be mentioned that previous impulsive control methods focus
on linear systems [11], [12]. However, for nonlinear sys-
tems [13]-[16], the hybrid Bellman equation is generally
analytically unsolvable. Thus, nonanalytical and approximate
solutions are required to obtain the optimal impulsive control
law.

Adaptive dynamic programming (ADP), proposed by Wer-
bos, is a method of solving optimal control problems, which
combines the advantages of dynamic programming, reinforce-
ment learning, and function approximation [17]-[21]. In [22]
and [23], the greedy ADP is extended to the control problem
with e-error bound and successfully solved the finite-time
optimal control problem in the situation where the terminal
time is not fixed. In [24], a novel data-based ADP algo-
rithm was developed to solve the optimal control law for
the unknown discrete-time system with time delays. In [25],
a novel steering controller for autonomous vehicles is pro-
posed, which is implemented by a policy iteration ADP to
obtain the optimal control law. Value and policy iterations,
which are two branches of ADP, have attracted much attention
due to the convenience for property analysis. Generally, value
iteration [26] starts with a zero or positive semidefinite value
function to obtain the optimal performance index function as
the iterative index increases from zero to infinity. Policy itera-
tion [17], [27] begins with an admissible control law to ensure
that the iterative value function converges monotonically and
nonincreasingly to the optimum.

However, traditional ADP methods [28]-[34] cannot solve
the impulsive control problem since only the optimal con-
trol input is considered rather than the impulse interval and
amplitude in traditional ADP methods. To overcome this
shortcoming, in [35], an ADP scheme for optimal control
problems within a fixed terminal time is developed by turning
parameters of a function approximator. In [36], an event-driven
method based on dual heuristic dynamic programming is
presented to study the optimal regulation, and the appropriate
event-triggering condition is given. In [37], a data-driven
iterative adaptive critic strategy is constructed to address
the nonlinear optimal feedback control and is applied to a
typical wastewater treatment plant. In [38], a discrete-time
impulsive ADP algorithm was proposed to obtain the optimum
iteratively, while the impulsive interval is required to constrain
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in a fixed interval set. Furthermore, the interval set is generally
difficult to determine. Until now, to the best of our knowledge,
there are no discussions on optimal control problems with the
spike train from real biology based on ADP algorithms, and
this motivates our research.

In this article, for the first time, a new iterative ADP method
with spike train, which is called spiking ADP (SADP) method,
is developed to solve optimal impulsive control problems for
discrete-time nonlinear systems. The main contributions of the
SADP method are summarized as follows.

1) Breaking the mold of traditional fixed interval set,
the spike train from real biology is applied to solving
optimal impulsive control problems. Moreover, the spike
train has been modeled as a Poisson process, the para-
meters of which are estimated by maximum likelihood
estimation (MLE) in a novel method of cumulative
calculation.

2) Given a fixed time interval, a three-tuple consisting of
state, spiking interval, and probability can be obtained,
which aims to achieve the optimal spiking control law
rather than use state only in traditional impulsive control
methods.

3) A new convergent approach by using conditional expec-
tation is developed to prove that value functions can
reach the optimum iteratively.

The remainder of this article is organized as fol-
lows. Section II represents the problem statement, includ-
ing discrete-time nonlinear spiking control systems and
infinite-horizon performance index function. Section III intro-
duces the Poisson process model for spike train and the
corresponding parameter estimation by using the theory of
MLE first. Then, it states the SADP algorithm in detail and
gives a new method of property analysis. In Section IV, two
simulation examples are given to verify the effectiveness of
the present algorithm. Finally, this article ends with some
conclusions in Section V.

II. PROBLEM STATEMENT

In this article, we consider the following discrete-time
nonlinear spiking control systems:

Xie+1 :F(.Xk,lxtk), k:09 15 (1)

where x; € R”" is the state variable and u; € R™ is the
spiking control input (spiking control in brief). Let F(-) be the
system function. A series of spike trains include the time of
the spike, the electrode channel on which the spike occurred,
the amplitude of the detected spike, and the spike detection
threshold in force at the time of detection [39]-[42]. Traversing
the data due to the index of it, a single channel of spike
train can be extracted. If the amplitude is greater than the
threshold value, then the detected spike is in the depolarization
phase, which means that the time of this detected spike is a
spiking instant. Otherwise, it is in the repolarization phase or
the hyperpolarization phase, i.e., absolute refractory period or
relative refractory period.

For convenience of analysis, the results of this article are
based on the following assumption.
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Assumption 1: The system (1) is controllable on a com-
pact set Q, C R" containing the origin. The system state
x; = 0 is an equilibrium state of system (1) under the control
up =0, i.e.,, F(0,0) = 0; the feedback control law satisfies
up(p) = p(me (), vi(xx)) = 0 for x; = 0.

We define that R and Z are the sets of all nonnegative real
numbers and integers, respectively. Let 7 = {r°} be the set of
spiking instants, where t € Ry, s =1,2,... For T € R, and
k=0,1,2,..., we let 7; be the number of spiking instants in
the admissible spiking interval [kT, (k + 1)T] and we let A
be the firing rate of spike train in [0, (k + 1)T]. According to
T, spiking interval can be expressed as t, =t — 57!, s =
1,2,3,..., where t° = 0. Let T’ = {F},Fx € Fie1 C
Ik =20,1,2,3,..., where F; includes the information for
the computation, such as the state x; and the number of spiking
instants 7.

Let 7y = {0°},0° € Zy,s = 0,1,2,..., be the spiking
instants, where 6#* can be defined as

0° = round (1= %) ()
and round(-) is a rounding function. For k¥ = 0,1,...,
the spiking control u; is expressed as
0, k#06°
i = i 3)
Vi, k=20

where vy = vi(x;) € R™ denotes the spiking control law at
the spiking instant kK = 6°. Employing the spiking control law
7w = wi(x), where 7, € Z and Z2 = {0, 1} for k =0,1,...,
the controlling spiking instant can be expressed as

=1, k=6
i ) )
=0, k#6°.

For k = 0,1,..., according to (3) and (4), the spiking
control law can be rewritten as u;y = pu(mwg,vr), u(-) :
Z x R™ — R™, where u(my, v;) can be defined as

up = pu(me, v)
0, Ty = 0
= [ Q)
Vi, Tk = 1.

Let uy, = {up, i1, gy, ..}, myp = {7h, Thy1, Thras -0}
and v, = {vk, Vg1, Vg2, .- J k= 0,1,2,... Then, the given
infinite-horizon performance index function for initial state xg
can be defined as

Jo(x0, ug) = E(Z U(x, ukm)
k=0
= E(Z U (xie, pa (e, Vk))|-7:0) (6)
k=0

where the utility function U (xy, u (7, vr)) is positive definite
for x; and u(-).

Remark 1: Let N(t) be a counting process, represent-
ing the sum of spiking instants in [0, #]. Poisson process,
as one of the famous counting processes, has been used
to model the spike train. 7; is computed as the num-
ber of spiking instants in [kT, (k + 1)T]. Furthermore,
7%= N((k+1)T) — N(kT) = N(T), which is a random vari-
able. Besides, 7o is included in F,, which is needed for
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computing the performance index function. Therefore, (6) in
Section II is in the form of conditional expectation.

We would like to find an optimal spiking control law
ui(xe) = p(rf(x), vi(xk)) such that the performance
index function is minimized from any initial state. For each
three-tuple (xx, 7, pr,), the optimal performance index func-
tion is denoted as

Ji (o) = min Ji(xg, uy). N
Uy

Obviously, (7) satisfies the Bellman equation [43], which is
expressed as

J (xr) = min E{U(xk,uk)—i— J;+1(xk+1)|.7:k}. (8)
up
Thus, the optimal control law can be expressed as
up(xg) = argn;ikn E{U(xk, ur) + Ji (xk+1)|fk}. 9)

According to (5), there exist two different types of control
variables in the spiking control law u;, which cause all of
the traditional iterative ADP algorithms to fail to obtain the
optimal spiking control law in this article. Thus, a new SADP
algorithm is developed to address this difficulty.

III. SADP METHOD BASED ON POISSON PROCESS

In this section, the new iterative SADP algorithm based
on the Poisson process is described to obtain the optimal
spiking control law for a discrete-time nonlinear system (1)
with property analysis.

A. Derivation of Three-Tuple Under Poisson Process

Define the exponential probability density function as
f(t, 1) = dexp(—4t) Vi> 0. (10)

For k = 0,1,2,..., letting A, = Zl;:o 7; be the sum of
intervals in [0, (k + 1)T], the likelihood function L can be
computed as

Tix
L(t, ) =[] £ 20
i=1

13
= (L) exp(—/lk z t,»).
i=1
Taking the partial differential L with respect to 4, we have

oL i
— = R ()" ! D b
7 ©(Ax) CXP( k; )
iy hig
—" Dt exp(—/lk > t,»). (12)
i=1 i=1

Letting (6L/01x) = 0, we can get
Ay

ik = e ———

Ziél ti

Thus, we can obtain the set of spiking intervals IT = {7}

and the set of firing rates A = {4}, k = 0,1,2,... Let 4

represent the average of {4;},k =0,1,2,...ForR=0,1,...,

the Poisson process [44]-[46] can be expressed as

(A

Rl

Y

13)

P(N(t) = R) = exp(—Ar). (14)

Due to the fixed time interval T, the probability of Poisson
distribution in [kT, (k + 1)T],k = 0,1,2, ..., can be calcu-
lated as

(AT)® .
P = ——— exp(—1T). (15)
T -
Thus, for each state x; € Q,, k =0,1,2,..., we can get a

3-tuple (xg, %, pr, ). Also, the probability p,, is added to Fi
fork=0,1,2,3,...

Remark 2: It is a well-known fact that the informa-
tion transmission between neurons in the human brain
mainly depends on the spike train. As we have learned
from [39]-[42], it is natural that the point process represented
by the Poisson process becomes the dominant model for
the spike train. Also, the work of [42] and [46] can also
be the basis for this model. Besides that, we have tried to
model the spike train with other stochastic processes, such
as the Gamma process, but unfortunately, it is difficult to
determine the parameters of the Gamma process. On the
contrary, the firing rate of the spike train is consistent with the
parameter A of the Poisson process. Also, the Poisson process
is a special Gamma process.

B. Transformation of the Utility Function

In this section, the transformation of the utility function will
be introduced, which is necessary to establish our iterative
SADP algorithm based on the Poisson process. According to
the 3-tuples (xx, x, p;,) and 7, € I, k =0,1,2, ..., we can
obtain

Xk+1 = F(-xka ,u(O, O))

Xk, = F(Xpyq-1, #(0,0))
X1 = FXkgo s 0Ttz 5 Vit )

= F(xk-Hm Uk+Tk)‘ (16)

From (16), for state x; € Q,, the next spiking instant is
k + 7. It means that system (1) is zero input for time instants
k,k+1,k+2,...,k+ 7 — 1, and the spiking control law is
Uktrr, = U(Tktr, > Vitr, ). Furthermore, it can be derived that,
for each three-tuple (xy, 7, ps,), kK =0,1,2,..., there exists
a new utility function U, (called spiking utility function)
such that

urk (Xk, M (7[k+'rk > Vit ))

7
=E| D Uy s I Fi
=0
1 — p 7 —1
=D Ul 0)
Tk =0
+ kaU(xk+Tk s U (ﬂkJer > kaer))

Tw—1
1- Pr .
= r—kk z UXksjs 0) + poUXpgres Vigr,)  (17)
Jj=0

where we define Z'j () =0 for j > i.
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According to the 3-tuples (xx, tx, p;,) and (17), we can
define the optimal spiking value function V;"(x;) as

Vk*(xk) = ?in urk (xka Vk-‘rrk) + E P(j|Xk, Tk)']k*+fk+1(j)
+1 X
JEQy

(18)

C. Iterative SADP Method Based on Poisson Process

In this section, the new iterative SADP method is derived
based on the Poisson process. In the previous impulsive
ADP method [38], the impulsive instant is strictly constrained
within an interval where upper and lower boundaries of the
interval are determined. In the new iterative SADP method,
however, the spike train is from the real nerve impulse dataset,
which is modeled by the Poisson process, and the interspike
interval (ISI) obeys the exponential distribution of the same
firing rate A.

Since the 3-tuple (xx, %, ps), Kk =0,1,2,..., is a basis of
the SADP method, it is necessary to establish the Algorithm 1
to describe it specifically.

Algorithm 1 Obtain the 3-Tuples (xx, T, pz,)

1: Get the dataset of spike trains.

2: Traversing the data due to the index of it, a single channel
of spike train can be extracted.

3: Give a fixed time interval T.

4: Calculate the number of spiking instants in
kT, (k+ 1T], k = 0,1,2,..., ie., interspike interval
7, and the firing rate in [0, (k + 1)T], &k = 0,1,2,...,
i.e., ik.

5. Get the average of the firing rate 1 = % Dt Ak

6: According to (15), get the probability p, in
kT, (k+ DT], k=0,1,2,...

7: For x, € Q. k = 0,1,2,..., return the 3-tuple
(Xks Tk, Pr,)-

According to the three-tuple, for any state x; € €Q,,
k=20,1,2,..., we know the corresponding spiking interval
and probability of Poisson distribution, which can be used to
obtain the transformation of the utility function and imple-
mented in the SADP method. For i = 0,1,..., we define
Vi(x;) and v;(x;) as the iterative spiking value function
and the iterative control law, respectively. Then, the SADP
algorithm based on the Poisson process can be derived in
Algorithm 2.

D. Property Analysis of the SADP Algorithm Based on
Poisson Process

In this section, the property analysis of the SADP algorithm
based on the Poisson process will be established. It will be
proved that J;"(x;) defined in (22) is the limit of V;(xy)
as i — oo. Before the convergence analysis, the following
theorem is necessary.

Theorem 1: Let J!(xx) and V7 (xx), k = 0,1,2,...,
be the optimal performance index function and optimal

IEEE TRANSACTIONS ON NEURAL NETWORKS AND LEARNING SYSTEMS

Algorithm 2 SADP Algorithm Based on the Poisson Process
Require:
Give an initial state xo randomly.
Give a computation precision €.
Give an arbitrary positive semi-definite function ¥ (x).
Ensure:
1: Let the iteration index i = 0O, and the initial iterative value
function Vy(xx) = W(xx), £ =0,1,2....
2: Obtain the 3-tuple (x, 7, pr,), Kk =0,1,2,... by Algo-
rithm 1.
3: Iterative spiking control law v;(x;) can be computed as

v; (xx) = argmin
Vit

u‘[k (.Xk, vk+‘l’k )

+ D pGlxe Vi)

jeQ,

19)

4: Tterative spiking value function V;y;(x;) can be computed
as

‘/i-‘rl (-xk) = min u‘l'k (Xk, vk+‘L’k)
Vit

+ > pGilxe ©) Vi) (20)

JEQy

5:0IF | Vi () — Vi) < €,VYx; € Q, then the optimal
performance index function and optimal spiking control
law can be obtained. Goto step 6. Otherwise, let i =i+ 1,
and goto step 2.

6: end.

spiking value function that satisfy (7) and (18), respec-
tively. Then, for every 3-tuple (xy, 7, pr,), kK = 0,1,2,...,
we have

Ji Ga) = Vi ().

Proof: Based on the 3-tuples (xx, 7k, p;,) obtained by the
real sequence of spike train, for any state x; € Q,, we can
derive that k + 7 is a spiking instant, i.e., 74+, = 1, with the
Poisson probability p,,. Thus, according to (7), we can derive
the Bellman equation

21

JE(x)
o0
=rr;in E ZU(xk+j,Mk+j)|~7:k
Tk o0
:n;in E ZU(xk+j»”k+j)+ Z U (Xt js it )1 Fi
=+ j=0 j=u+l
7
:gli\}: E ZU(Xk+j,”k+j)|}—k
Ty, =
o0
+E( D Ui wee ) Fer | F
J=tu+1
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) 1 —pe, i Theorem 2: Let J;(x;) be the optimal performance index
= {{EI: " Z Uit js 0) + po Uk Uty function in (7) and V;*(x;) be the optimal spiking value func-
j=0 tion in (18). For every 3-tuple (xx, t, pr), k = 0,1,2,...,
o0 we can obtain that the v, (xx4s) defined in (25) is the
+E| min { E Z U Xkt js ier ) Frre | £ 1F% corresponding optimal control law.
Herncr j=n+1 Proof:  For every 3-tuple (x, 7, py), K = 0,1,2, ...,
= min {Uy, (%, Vir) + E(5 0 G 1F) ) according to (9)., we can derive that u} = pu(x},vi) =
Vit 1#(0,0) = O for instants j = k,k+1,...,k + 7, — 1. Thus,
for instant k + 7;, according to (24), the optimal control law
= inin Uy, (Xk, Vitr, ) + Z PG t) I 1 () can be derived as
kg ico, 1
= V() (22)  upyq (v) = argmin E D UGkt 0) + U (i kir,)
kg )
=0
where p(j|xx, 7x) can be expressed as !
1 = po Py, + JF (x )NF
. — %k jEQ,, jEx k141 Kk +1) 1k
plilemy =1 N-1 > P IF T g3
p‘l'kp‘[k+rk 5 ] = Xk+1;
and N represents the number of the states in €. Equation (23) = arg {gm U, (Xk, Vit g,)
%

shows that, for state x4, , the probability is the product of p,,
and py,, . while the probability is the same for other states,
i-e-’ (l - prkprk+,k)/(N - 1)
The proof is complete. [ ]
According to Theorem 1, for every 3-tuple (xx, tx, pr,),
k =0,1,2,..., the Bellman equation (8) can be expressed
as
T —1

> Uxky,0)

j=0

1_prk

Ji(a) = ™

+ min
Vit

p‘l’k U(xk+fk s uk+‘[k)

+ 3 PGl )T 41 ()

jeQ,

(24)

The Bellman equation (24) can be called “three-tuple Bellman
equation.”

Remark 3: Different from the traditional Bellman equa-
tion (8), the three-tuple Bellman equation (24) has an advan-
tage. Due to the three-tuple (x, 7, pr,), kK = 0,1,2,..,
which is obtained by real sequence of spike train, for any state
xp € Qp, k =0,1,2,..., the next spiking instant is k + 7,
i.e., Ty, = 1 with the probability of Poisson distribution,
which ensures that the three-Tuple Bellman equation (24) only
requires to minimize the vy, rather than minimize the z; and
v simultaneously.

For every 3-tuple (xi, t, p), kK = 0,1,2, ..., according
to (24), we can define the control law v} e (Xk+z,), which is
expressed as

U;:J,-Tk (xk+Tk) = arg {)nln u‘l'k (xk > Uk+‘ck )
k+ty

+ O PGl ) Ty 1 ()
JEQy

(25)

Thus, the following theorems can be derived.

+ D" Gl T 1 ()

JEQ
= V]t.t,_-[k (xk+rk)' (26)
The proof is complete. [ ]
Lemma 1: Let J7(xx) and Vigi(x), @ = 0,1,...,

be defined in (24) and (20), respectively. Then, J(xx) and
Viei(xg), i =0,1,..., are positive definite functions for xy.

The conclusion is easily derived according to the definition
of the utility function and assumption 1, and the proof is
omitted here.

Theorem 3: For i = 0,1,2,..., and any (x, 7, pr,) kK =
0,1,2,..., let Viy1(xx) and v;(x;) be the iterative value
function and the iterative control law updated, respectively.
According to (19) and (20) in Algorithm 2. Then, V;(x;)
converges to the optimal performance index function J;f(xy)
as i — 0o, which is defined as (24), that is

lim V() = Jj (x0). @7

Proof: The proof can be divided into three steps.

Let (x;, 1, p;,) t = 0,1,2,..., and (x, 7, p;,) 7 =
0,1,2,..., be two 3-tuples, where (z;, p;,), t = 0,1,2,...
and (7, p;,), r = 0,1,2,..., are calculated from the same
spike train and the same fixed time interval under the Poisson
process. Then, we can implement the first step of the proof.

Step 1): For any state X € Q,, the optimal performance
index function satisfies

JI(x) = JF(x). (28)
According to (6), we can obtain
o0
TG =B D UGy, u)IF (29)
j=0
and
oo
5@ =B D U, uri )| F (30)

Jj=0
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Let u'(7,(x;),v;(x,)) be the optimal spiking control
law, generating the optimal control sequence u'! =
{0,0,0,.

o, ,H , ...}, which minimizes J;(x;), that is

7,—1

z U('xtJrj’ 0) + P, U(xt+rm ut+r;)
j=0

J()—

Tt

+ > pGlxn ) 0 (G) G

JjeQ,

where x, = x. Since (t;, p,,) and (z,, p, ) are computed by the
same data, they have the same admissible spiking intervals and
probability via Poission distribution. Therefore, it is feasible
to substitute u! into (30), that iS, Upyj = tlﬂ, j=0,1,.
Letting x, = x and u, = u ,ityields x, 41 = F(x,,u ) = X/11.
Thus, for any j = 0,1,.. Uxi4j, }ﬂ) U(x,ﬂ, }ﬂ)
can be obtained with initial states x, = x;, = x and F, =
F, = F, which means

Ji(x)=E Uxigjnury )| F

=FE

M7 M

Il
=)

Urppou )|F ) =5 (32)

J

Next, by the contradiction, we prove that u'(z;(x;), v;(x;))
is also the optimal spiking control law for J,(x,). Assume
that there exists another optimal spiking control law u?> =
(zr(x,), v,(x,)) for (30), where u?(-) # u'(). Let u®> =
{0,0,0,...,u; +r ,...} be the optimal control sequence gen-
erated by ,uz(n, (xr), v (x)). According to (32) and (30), with
the initial state x, = x, we have

Z U(x,+j, u}ﬂ-)‘f = J(x)

JH(x) =

j=0

> JI(x)

o0
=B D> Uiy ,)|F (33)

j=0
Now, substituting u? into (29), with x, = x and u, =
uf we have x,.; = F(x,,uf) = Xx,4;. Following this
iteration, U(x,+j,uf+j) = U(x,ﬂ-,ufﬂ-), j =012 ...,

can be derived easily. It shows J;(x) = J*(x) under
w7y (x,), vr-(x,)). According to (32) and (33), we can derive
that J*(x) > J,(x), which is a contradition for J*(x) as its
definition. Thus, the assumption is false and the conclusion
holds.

Letting t = k and r = k + 7 + 1, we can have

JE(x) = Jk*+rk+1(x)

with the any initial state x.

Next, Ji(x;) and Vi41(xx), i =0, 1, ..., are positive definite
functions for x;, k =0, 1,2, ... Then, 1r1sp1red by article [38],
[47], there exist two constants 5 and 9,0 <9 <1<9 < o0,
such that

(34)

3 (k) < Volxk) < 077 (xx). (35)
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Moreover, due to the positive definiteness of the spiking utility
function, we can derive that there must exist two constants n
and 77, 0 < n <% < 0o, such that

0 Uy (5, Vigr,) < D PGl T) T ()

JEQy
ﬁ u‘[k (-xk s vk+‘[k)

IA

(36)

for every 3-tuple (x, 7%, pr,), kK = 0,1,2,... Then, we can
implement the second step.
Step 2): For all x; € Q, the iterative spiking value function

Vi(xx),i =0,1,2,..., satisfies that
(1+—" 0-1 )J*( ) < Vi)
. X (x

n (1+ﬁ)l kK \Ak) = VilAk

1 g1 JF 37
+77(1+ )l k(xk)~ (37)

Now, we prove the inequality (37) on the left by induction.
For i = 0, the conclusion can be easily obtained by (35).
For i = 1, according to (20) and (34), we have

Vi() = min Uy, (Xk, Vigr, ) + E p(jlxe, ©) Vo (j)
Vit { jeq,
> inin {Uz (Xks Viyr,) + 0 z p(lxe, w) I ()
b { =
Z min { ( + 7] ) u‘[k (xk» vk+‘[1()
Vit {

+ D PG TS 1 ()

JEQ

o—1
=(1+7—— ) S (x0).
( ’71+ﬁ) i (xk)

Thus, the inequality (37) on the left holds for i = 1. Assuming
that it holds for i = n — 1, that is

(38)

o—1
(1+ﬁ" T 1)J,z‘(m <Viaw)  (39)

then we can obtain

Vi () = min { U (5, vese) + D pGilxes 1) Va1 (/)

Vit jen,
> min { U, (e, visr) + (147! o-1
7 KXk 7] . .1
- Vit « s Tkt g (1 + 7’])"71
x > plilxe w) ()
JEQ
> mi 1+7—— o1\, ( )
min o (Xks Vi r
- Vereg (1 + ) k k k+7x

+ (1 + 5"*1&71 _ —"1é_71)
ST T R (I
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x > p(ile w) ()

JEQ,
i (1+—" é_l) U, ( )
= min P E— 7 Xk s Vi+1,
Vit 1 (1+ﬁ)n L T
+ > PGl ) T 1 ()
JEQ,
(1+—" 9-1 )J*( ) (40)
= /ram— Xk)-
1+ )"

Thus, the left half of (37) holds for i = n, which means that
it holds for all i = 0,1,2,... On the other hand, the proof
of the right half is similar to (38)—(40), so it is omitted here.
Hence, (37) holds fori = 0, 1, ... The mathematical induction
is complete.

Step 3): Prove that V;(x;) converges to the optimal perfor-
mance index function.

According to (37), fork =0, 1,2, ...,as i — oo, we derive
that

: —i é_l *
illr&(l i (1+ﬁ)i)Jl‘ (xi)

im (14 72— Yo
= lum P PE—— X
o\ LT )

= J(xp) (41)
which shows that the conclusion (27) is true. The proof is
complete. [ |

IV. SIMULATION EXAMPLES

In this section, two simulation examples are provided to
show the effectiveness of the developed SADP method.

Example 1: We consider the torsional pendulum system to
evaluate the performance of our developed algorithm. The
dynamic system is expressed as

do
—~ —w
dr
dw . do
JE =u—Mglsm9—de 42)

where J, M, g, [, and f; are the rotary inertia, the mass,
the gravity, the length of the pendulum bar, and the frictional
factor, respectively. The parameters can be seen in Table I.

Discretizing the system using the Euler method with the
sampling interval A7z = 0.01 s, we can obtain

Atfa
x
VA

+ [ Aot}uk 43)

where x1; = 6 and xy; = wy.The utility function is chosen as
U(xp,up) = kaka + uZRuk, where Q = I} and R = I,
and I; and I, denote the identity matrices with suitable
dimensions. Choose the initial value function with the form
¥ (x;) = x{ Pxy, where P =[10 1; 1 2].

X1k + Atxog
M| _ | ArMgl
X2 k41 - sin(xx) + (1 -

TABLE 1
PARAMETERS OF THE PENDULUM SYSTEM
Parameters Value
M 13 kg
g 9.8 m/s?
l 32 m
J 4/3 m]?
fa 0.2
At 0.01 s

B
1200 1500 1800 200 1200 1500 1800
Time Time

(@ (b)

Fig. 1.  Height and the threshold of the spike train. (a) Height time.
(b) Threshold time.

ISI data
*  Exponential |

Density

Fig. 2. Distribution of the ISIL.

In this example, we use the dataset shared by Potter Lab
[48], [49] to establish the 3-tuples. We choose the set of spike
train, “6-3-34.spike,” where “6-3” and ‘“34” represent the
serial number of nerve cell and days of neuron culture in vitro.
‘What is more, one-channel electrode is chosen. The fixed time
is 0.3 s. Applying Algorithm 1, the height and threshold of
the spike train are shown in Fig. 1(a) and (b). Fig. 1 shows
that the height has two obvious boundaries 10 and —10, while
all the thresholds are greater than 10. The density can judge
whether the spike train bursts.

Then, the ISI obeys the exponential distribution, which
shows in Fig. 2. From Fig. 2, the blue area is ISI data and the
red curve is the probability density function of the exponential
distribution, the parameter 4 = 4.9256, which is obtained by
Algorithm 1. This also verifies that the occurrence of spike
train obeys the Poisson process.

The state spaces and control spaces are €Q, =
{xelxr = [xi, xu]" € [—1.45,1.45] x [—1.45,1.45]} and
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Fig. 4. Distribution of the optimal spiking intervals in the discretized state
space L.

Q, = {ug|uy € [—2, 2]}, respectively. Choosing the discretiza-
tion sizes o, = 0.05 and o, = 0.01, we have the value p, =
59x59 = 3481 and p, = 401 and represent the number of dis-
cretized states and controls, respectively. Thus, the discretized
state spaces Q, = (& |2{ = [£],, 25,1, and ¢ = 1,2,...,p,}
and control spaces Q, = {i;] ¢ = 1,2,...,pu} can be
obtained. We implement Algorithm 2 with Q, for 20 iterations
in order to urge the iterative value function to be convergent
for all )?,f ,¢ = 1,2,..., p. For the iterative value function
V;(xx) in the discretized state space Q,, the convergent plots
are shown in Fig. 3.

In Fig. 3, “In” and “Lm” represent first iteration and last
iteration, respectively. We can also see that the iterative value
function is not smooth in the discretized state space due to the
effect of spike train. Thus, the optimal spiking instants may
vary with the states. The distribution of the optimal spiking
intervals in the discretized state space €, can be seen in Fig. 4.
From Fig. 4, seven kinds of intervals exist, which are from one
to seven. For instance, if x; was in the dark blue area, then
the optimal spiking interval is 1, and if x; was located in the
cyan area, then the optimal spiking interval is 5. Thus, for all
x; € Q,, the optimal spiking intervals can be obtained from
Fig. 4.
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() (b)

Fig. 5. Optimal trajectories of states. (a) Initialized with x;
(b) Initialized with x3 and x{.

]
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08
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time step.

optimal spiking control
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time step

6000 7000 8000

05 05¥

04 I 04 o4

m ] 1L
g | g o[ [t
8 o1 R 8 o1 o
> ¥ 0 10 2 2 w0 s ) o 10 2w 4 s
fo ll i l L l
g 0.1 g 0.1 l
802 8.2

03 03
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0 1000 2000 3000 4000 5000 6000 7000 8000 0 1000 2000 3000 4000 5000 6000 7000 8000
time step time step

Fig. 6. Trajectroies of the optimal spiking controls with initial states xé, i=
1,2,3,4. (a) x3. (b) x3. (©) x3. (d) x§.

In this example, we choose four initial states, which are
xg = [1.2 —08]", x = [-1.2 0.8]", x} = [0.8 1.2],
and x; = [-0.8 — 1.2]". Implementing the optimal spiking
control law, obtained by Algorithm 2, to the system func-
tion (43) with the four initial states x(i), i = 1,2,3,4 for
8000 time steps, we get the optimal state trajectories shown
in Fig. 5 and the corresponding optimal spiking control is
shown in Fig. 6(a)—(d), respectively.

From Figs. 5 and 6, the spiking control laws are obviously
different for different system states at spiking instants. For
example, the light blue area and cyan area in Fig. 4 indicate
that the optimal spiking intervals are 3 and 5, respectively.
On the other hand, from Fig. 6(b) and (c), the optimal
spiking intervals for the initial state x7 and xj are 5 and 3,
respectively. This is a significant difference from those tra-
ditional ADP algorithms. Implementing our developed SADP
algorithm based on the Poisson process, the optimal spiking
control laws, including the optimal spiking instants and spiking
control laws, can be obtained simultaneously, which verifies
the effectiveness of the developed algorithm.

Example 2: We consider another discrete-time nonlinear
system

d)C1

= —Xx1 + xou
dr
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iterative value function

Fig. 7.

Convergence plots of the iterative value functions for €.
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Fig. 8. Distribution of the optimal spiking intervals in the discretized state
space Q.

d
% = —x5 + (1 + cos?(xy)) sin(u).
Discretizing the system (44) with the sampling interval At =

0.1 s yields

(44)

Xige1 = (1= A)xp + Atxopup
= (1 — At)xp, + Atuy
+ At[1 4 cos?(x1x)] sin(ug).

X2, k+1
(45)

The fixed time interval is 0.35, while the spike train, the utility
function, and the initial value function are the same as before.
The state spaces and control spaces are Q, = {x|x;x =
X1k, x2x]T € [=1.5,1.5] x [—1.5,1.5]} and Q, = {ug|ux €
[—2, 2]}, respectively. With the discretization sizes ¢, = 0.05
and g, = 0.01, we have the discretized states p, = 61 x 61 =
3721 and discretized controls p, = 401. Implementing Algo-
rithm 2 for 20 iterations ensures the iterative value function to
be convergent for all discretized states. The convergent plots
and the distribution of the optimal spiking intervals are shown
in Figs. 7 and 8, which are obviously different from Figs. 3
and 4. The iterative value functions in Fig. 7 are more rough
than that in Fig. 3, while the spiking intervals in Fig. 8 have
one more type than that in Fig. 4.

04 :

optimal spiking control
H

optimal spiking control

0 10 20 30 40 50 60 0 10 20 30 40 50 60
time step time step

(a) (b)
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001

0 10 20 30 40 50 60 0 10 2 30 40 50 60
time step time step

(© )

Fig. 10. Trajectories of the optimal spiking controls with initial states xé, i=
5,6,7,8. (a) x3. (b) x§. (¢) x]. (d) x§.

optimal spiking control
optimal spiking control

Four initial states are chosen, which are xg =[1.4 —0.9]",
x§=[-1409]", x] =[1.30.2]", and x§ =[-1.3 —0.2]".
According to Algorithm 2, the optimal spiking control law can
be obtained, which is applied to the system function (45) with
four initial states x(i), i =5,6,7,8, for 60 time steps in order
to get new optimal state trajectories. The figure of the optimal
state trajectories and corresponding optimal spiking controls
is shown in Figs. 9 and 10, respectively. From Figs. 9 and 10,
it is obviously that different initial system states correspond to
different spiking control laws at spiking instants. For instance,
in Fig. 10(b), two different spiking control laws act on xg
and x%. Due to these actions of optimal spiking control laws
in Fig. 10(a)—(d), initial states can converge on the equilibrium
point, which verify the effectiveness of the present algorithm.

V. CONCLUSION

In this article, a new iterative SADP algorithm based on the
Poisson process is presented to solve optimal control problems
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for nonlinear systems. Before implementing this algorithm,
by using the model of Poisson process and the method of
MLE, we get the 3-tuples of states, spiking intervals, and
probabilities of the Poisson distribution for a given fixed
time interval in order to achieve the iterative value functions
and iterative control laws. The property analysis is developed
to guarantee that the value functions converge iteratively
to the optimal performance index function as the iteration
index increases from zero to infinity. Finally, two simulation
examples are given to verify the effectiveness of the developed
algorithm.
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