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Abstract—This paper presents a novel structure of spiking
neural networks to simulate the joint function of multiple brain
regions in handling precision physical interactions. This task de-
sires efficient movement planning while considering contact pre-
diction and fast radial compensation. Contact prediction demands
the cognitive memory of the interaction model, and we novelly
propose a double recurrent network to imitate the hippocampus,
addressing the spatiotemporal property of the distribution. Radial
contact response needs rich spatial information, and we use
a cerebellum-inspired module to achieve temporally dynamic
prediction. We also use a block-based feedforward network
to plan movements, behaving like the prefrontal cortex. These
modules are integrated to realize the joint cognitive function of
multiple brain regions in prediction, controlling, and planning.
We present an appropriate controller and planner to generate
teaching signals and provide a feasible network initialization for
reinforcement learning, which modifies synapses in accordance
with reality. Experimental results demonstrate the validity of the
proposed method.

Keywords—Brain-inspired structure, precision physical interac-
tion, spiking neural networks.

I. INTRODUCTION

In precision physical interaction, robots contact the environ-
ment [1], [2] when executing high-precision tasks and perform
an appropriate strategy via the conveyed force information to
improve efficiency while alleviating undesired effects. Among
all related works involving physical interactions, one kind
is interesting where the controlled object axially moves and
radially contacts a passive counterpart. For example, in peg-in-
hole assembly [3], slippage during grasping [4], digging, and
drilling [5], radial contacts are undesired but indispensable as
axial movement proceeds, and at a mesoscale or microscale
level, they generate substantial influence. Appropriate con-
trollers and efficient planners are crucial in accelerating axial
movements while keeping radial contacts under control.

Different from the physical human-robot interaction widely
studied in robotics, physical interactions investigated in this
paper mainly involve the contacts between objects during
tasks. This interaction type dominates in the execution process,
especially for small objects, and is explored through modeling,
estimating, and compensating [6] for performance improve-
ment. In precision assembly, the robot inserts a peg into a hole
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and, due to many factors such as uncertainty and misalignment,
this movement causes radial contact forces, which need to be
well handled, especially for fast insertion. Experimental data
indicate that this process conforms to a Gaussian distribution
[7], based on which the prediction and compensation show
its power in trajectory planning. Physical interaction is also
an essential aspect in robot grasping: friction can improve the
grasp robustness while rendering it challenging to place fingers
precisely on the object’s perimeter [8]. Classic robot solutions
are usually able to solve common interaction problems [9],
but if looking into the effortlessness of creatures in coping
with environments, we expect to learn from those biological
models.

As categorized by Maass [10], spiking neural networks
(SNNis) are the third generation of neural networks, exchanging
information via spikes [11], [12]. They address the nature of
the brain [13], and their main advantages originate from brain
imitation, incorporating the processing ability of spatiotem-
poral signals and the event-based property that contributes
to energy efficiency [14]. Biological intelligence can achieve
functions, with high efficiency and adaptation, of perceiving,
memorizing, and thinking, and it inspires researchers to design
similar structures to grant robots the ability to mimic the
underlying mechanisms of the brain [15]. Robot control aims
at problems of a time series evolution of dynamics and
physical interactions, and the coding in SNNs captures the
temporal properties of sensorimotor signals. These networks
are intrinsically suitable for robot control [16], [17]. SNNs
have contributed to many types of robots in solving various
tasks and have achieved substantial performance. However,
applying the merits of SNNs to solve the problems in precision
physical interaction remains open. Another question is “can we
investigate the multiple functions of the brain when accurately
operating?”

This paper presents a structure to imitate the joint function
of multiple brain regions in dealing with precision physical
interaction tasks. To simulate the memory function of the
hippocampus, we propose a double recurrent network with
the spatiotemporal characteristic of distribution to predict
radial contact. A cerebellar module is applied to emulate the
temporally dynamic prediction of radial contact forces. To
mimic the cognitive planning of the prefrontal cortex, we
adopt a block-based feedforward network to plan movements
with current and predicted contacts. This paper integrates these
modules to realize the joint cognitive function of multiple brain
regions. We design an appropriate controller and planner to
generate teaching signals, by which the processing of each
module is also depicted. We then apply reinforcement learning
to approximate optimal performance. We carry out experiments
to validate the proposed method.



To our knowledge, this is the first address of applying
SNNs for efficient planning and contact handling in precision
physical interaction tasks, and the contributions are listed
below:

e We propose a novel structure to imitate the joint function
of multiple brain regions in handling high-precision
tasks, in which prediction, contact, and compensation are
involved. This structure simulates the memory function
of the hippocampus, the controlling function of the
cerebellum, and the planning function of the prefrontal
cortex.

e We present a double recurrent network to approximate
the spatiotemporal property of distribution. In this net-
work, the outer recurrence is at the network level,
fulfilled by an output feedback loop, and the inner
recurrence is at the neuron level, realized by a recurrent
SNN.

Our motivation is to map control functions to different
functional brain regions by using a biologically plausible SNN
to obtain better interpretability. Different sub-networks can
be coordinated in the spirit of multi-brain cooperation in
the biological brain, attempting to make further integrative
research easier by bridging traditional control theories and new
biological foundations.

II. RELATED WORK
A. Precision physical interaction

Tasks involving precision physical interactions require much
attention on contact control [18], and model-based and model-
free controllers are primarily investigated. The model-based
controller has a predetermined mathematical model to describe
the relationship between the misalignment and the object
contact and considers the mismatch between the model and the
real contact. A variety of models are built according to shapes
and materials, e.g., using Gaussian models [7] to describe
the uncertainty, modeling with a set of contact states [19],
learning admittance control with Gaussian mixture regression
[20]. Model-based controllers usually show efficiency due to
the consideration of prior knowledge. Building models may
be constrained to specific tasks, and model-free controllers
adjust positions only based on the measured forces. A fixed
step was used in [21] to handle insertion with interference
fit, and step scaling with radial forces was adopted in [3] for
sequence assembly. It is a conservative solution but gains wide
applications. Examining how the creatures interact with the
environment yields the importance of learning from biology,
but this problem remains unresolved.

B. Brain-inspired robot control

In recent years, many brain-inspired approaches have been
applied in robotics and control [22]. Information in a biological
nervous system is transmitted through spike electric currents,
which are sufficient to drive learning and behavior [23], and
SNNs aim to imitate this mode of information transmission.
Unlike traditional artificial neurons, spiking neurons can take
advantage of the spatiotemporal information of the signals and

are expected to process continuous inputs from the dynamic
world [14]. Another distinction of SNNs is the event-driven
nature, which is the foundation of energy efficiency. However,
due to the non-differentiability of spikes, the backpropagation
algorithm cannot be used directly for training. There are two
main categories to address the learning of SNNs. One is
the conversion-based approach, which trains traditional neural
networks and then transfers them to SNNs [24], [25]. This
category achieves the most competitive accuracy on large-scale
SNNs [14]. The other is the spike-based approach, in which
SNNs are trained by timing information directly [26]. It gains
sparsity and efficiency in terms of neuronal dynamics.

Applying SNNs to robot control problems has achieved
satisfactory performance. For instance, they can map the
environment in unidimensional simultaneous localization and
mapping [27], plan a path in complex natural environments
with altered axonal delays [28], handle compliant control [29],
and predict linear, nonlinear, and chaotic dynamics [30]. A few
methods implement SNNs to solve physical interaction tasks,
and a recent example is that they were used to trigger robot
finger motion to interact with human hands based on human
surface electromyography data [31].

In addition to the neuronal dynamics, the imitation of brain
regions and their coordination have also been investigated. In
[32], a cerebellar-like SNN controller was proposed to address
delays in human-robot interaction. A multi-brain region model
containing millions of neurons was established to simulate
human vision and response pathways [33]. Inspired by the
function of different brain regions, researchers proposed the
FORCE method for supervised learning in SNNs [34]. How-
ever, in the field of precise physical interaction, few studies
attempt to imitate the coordination mechanisms of multiple
brain regions.

III. THE TASK MODEL AND THE METHOD OVERVIEW

We briefly introduce the properties of the task and describe
the outline of the proposed structure.

A. Task description

This paper considers motion planning and control where
physical contact is primarily concerned. The controlled object
moves along a primary direction with a velocity m, and
receives a radial contact force f, from its counterpart, which
relates to the movement velocity. To fully understand it, an
example is the precision assembly, where the variation of the
radial force of peg-in-hole is found via experiments positively
correlating to the insertion depth. This type of task requires an
efficient plan of axial movement while deliberately considering
radial contact. We restrict our research to the condition where
the variation in contact forces conforms to Gaussian distribu-
tions. We take the movement as the controllable variable and
radial contact as the state, and the probability of the force
variance results in

P(f 1) = A (B Ziny) (1)
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is the variance matrix, and the subscript 712, shows that the cor-
responding variable is related to the primary movement. Label
a vector 67 to include all elements in £ without repetition. The
Gaussian parameters scale with movement velocity and their
relationship is supposed to be known in advance. The above
equation indicates that the radial force variation depends on
the primary movement. To view it from another perspective,
we rewrite it in the time sequence format

t+1
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We replace the subscript of distribution parameters from 7,
to r+ 1 to emphasize the time sequence of contact variation
other than its dependence on movement. We label ri,,,, and
Mmax the limitations of the object’s velocity and acceleration.
An efficient policy intends to speed up the movement, which
will induce a larger radial force, and this force demands to slow
down for corresponding compensation. This reflects the impor-
tance of efficient planning in considering these contradictory
influences. If taking the rules of the variation of radial forces
into consideration, we can plan efficiently by coordinating
movements and radial forces. The task is clearly defined to
devise the movement velocity while maintaining an as-small-
as-possible radial force under the condition of uncertainty

T
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s.t. ma,t < Fyay, ma,t < Hpax

where [ is the total length to go, T is the total counted time,
Yr is the weight of the radial force relative to the unattained
distance, and m,, is the set of ri1,, witht=1,---,T.

This task and the above three equations require at least
three modules to achieve good performance. One is to store
the parameters of Gaussian distributions, which illustrates the
possibility of future contact; one aims to compensate for the
radial contacts smoothly and efficiently; the other is to plan
the primary velocity considering the outcomes of the other
two modules.

B. Overview of the approach

As shown in Fig. 1, the brain-inspired networks proposed
in this paper incorporate three parts: the hippocampus, the
cerebellum, and the prefrontal cortex. The hippocampus is
associated primarily with memory; the cerebellum coordinates
sensory input with muscular responses; the prefrontal cortex
is responsible for orchestrating thoughts and actions in accor-
dance with internal goals.

The reasons that these three brain regions are imitated lie
in the property of the task. Radial contact forces need to be
compensated promptly, and a primary movement results in

the emergence or augmentation of radial contact forces, as
addressed in Eq. 1. We first need a controller to compensate
for any radial contact forces. Since we already know that the
contact process conforms to Gaussian distributions, predicting
future contact based on primary movements and the com-
pensation controller is preferable for efficient planning. That
demands a prediction mechanism. In conditions of uncertainty,
it is inappropriate for motion planning to consider only the
current state, and on the contrary, we suitably take into account
previous performance, current assessment, and future predic-
tion. This comprehensive consideration covers different factors
that affect planning performance and calls for a complicated
planner. All these in sequence require functions of immediate
compensation, distribution memory, and decisive planning, and
their interactions are crucial.

Viewing the above analysis, we mimic the hippocampal
network to store the contact model, with which future states
are predicted, i.e., outputting radial contact states of the next
several steps given the current movement. Since the prediction
outcome conforms to a probabilistic model, this hippocampal
network needs to learn the distribution. The cerebellar network
acts as a controller, compensating whenever radial forces exist.
It considers the current and predicted contacts and results in
compensational movements and altered predicted values. The
hippocampal and cerebellar networks are united in the contact
prediction of the next several steps. This unity regards the
compensational capability in predicting, which is closer to
reality.

The prefrontal cortex network serves as a planning module,
determining the movement magnitude to execute. Based on
past performance (inner recurrence), the current state (tactile
feedback), and the predicted contacts (from the other two
brain regions), this part outputs the movement to be performed
and updates an internal parameter. The network unity of the
prefrontal cortex and the cerebellum plays the role of a policy
generator, producing movement commands. The control signal
is sent to drive the platform, which advances the process of
goal approaching and changes the physical contact, and the
force sensor measures the new force and feedbacks it to the
networks.

In this network structure, the cerebellum participates twice
in one control period, correlating with the hippocampus in
prediction and independent planning from the prefrontal cortex
in control. From the viewpoint of the time sequence, the lower
modules in Fig. 1, including the prefrontal cortex and the cere-
bellum, calculate the movement at the current time with real-
time force feedback. The upper brain regions incorporating
the hippocampus and the cerebellum perform predictions in
the future horizon. We employ each brain region based on the
requirement of motion planning with distinct functions and
present the structure of each part referring to the findings in
neuroscience.

In Fig. 1, each module is surrounded by squares in colors
and is correlated to the corresponding brain region by a purple
line. The red dashed line separates the actuators and the
regulation part. This line also depicts the process of encoding
and decoding between the measured continuous forces and
spike trains sent to the network. In other words, above the
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Fig. 1. General illustration of the brain-inspired network. The left schematically shows the pathway of how the brain and the arm cooperate in operation. The
right panel shows the networks simulating brain regions and the information flow to and from the platform. Above the red dashed line are the brain and its
simulated network. The robot platform and its arm role are shown below. Colored squares isolate networks mimicking different brain regions, and their relations
are connected by purple curves. Note that there is only one module in the cerebellum, but since in the whole structure it is associated with the prefrontal cortex
and the hippocampus, we mirror it to clearly show the connections. The acronyms include LTM (long-term memory), MF (mossy fiber), GC (granule cell), PF

(parallel fiber), PC (Purkinje cell), and DCN (deep cerebellar nuclei).

red dashed line are computed in spikes, and below is executed
in rational numbers.

This paper imitates the brain from three aspects. At the
functional level, we imitate the coordination of multiple related
brain regions based on their primary functions, mimicking the
pathways in the brain. The connection between the hippocam-
pus and the cerebellum predicts what future contacts will be.
The union of the prefrontal cortex and the cerebellum plans the
current action. At the circuit level, we also design the network
structure of each module according to its properties. A double
recurrent network is proposed to simulate long-term to short-
term memory; a feedforward network is adopted to imitate
the prefrontal cortex; a cerebellar-like structure is adopted.
At the neuron level, we employ SNNs to mimic the neuronal
dynamics of the brain.

IV. THE BRAIN-INSPIRED NETWORKS
We introduce the basics of the spiking neurons, describe
each module in detail, including structures, synaptic modi-
fications, and specific properties, and discuss the biological
plausibility.

A. Processing of the spiking neurons

Spiking neurons with synapses play an essential role in mim-
icking brain functions of memory storage and data processing.

The leaky integrated-and-fire (LIF) model is commonly adopt-
ed with simplified neuron dynamics

Tznd£ = - [U - Urest] +RI (4)

dt

where U is the membrane potential, U, is the resting poten-
tial, 7, is the membrane time constant, / is the input current,
and R is the membrane resistance. It uses a linear differential
equation to describe the integration of a passive membrane. A
neuron fires a spike and resets the potential to U,.s; When its
accumulated membrane potential surpasses the threshold V.
This paper adopts an iterative LIF model [35] to simulate the
neuron dynamics

Ut+1 = krUt (1 - So,t) + WSi,tH (5)

Sosr1 = fWUis1—Vin) (6)
. 0, x<0

fx) = { 1, otherwise ™

where S; and S, are the received and output spike trains and
k, is a decay factor.

We need to train the three modules independently and,
in each input layer, employ population uniform encoding to
generate spike trains. These modules are connected in joint
training and experimental implementation, and the encoding
method applies to transform the measured continuous force to
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Fig. 2. The hippocampal network. The dotted red and orange lines indicate
that the information is sent to the cost function and update the weights. Inside
the blue circle is the RCSNN.

the input spike trains of the whole structure. We have attempted
several other encoding methods, e.g., time-to-first-spike coding
and Poisson coding, and found that this population uniform
encoding is appropriate for this task from the viewpoint of
repeatable accuracy. To further improve the encoding accuracy,
we augment spiking neurons for each parameter in the input
layer based on the range. We give an example to view this
accuracy computation. One employs two hundred neurons to
represent a variable ranging £0.5 mm. These neurons can
fire up to ten thousand spikes within a 50 time-step training
window, and filling the variable range into the maximum
spike train yields a minimum resolution of 0.1 wm. More
neurons improve the encoding accuracy and require more
network parameters, resulting in the training burden. We need
to consider this tradeoff in balancing the training difficulty and
the network accuracy. The decoding process transforms spike
trains of the whole structure’s outputs into a command signal to
drive the robot. We employ a rate-based method, in which we
sum the spike number in a 50 time-step window (as used in the
encoding example) and multiply it by the minimum resolution.
More neurons in the output layer render higher transformation
resolution.

Supervised learning and reinforcement learning are selec-
tively employed in the module training. Spatio-temporal back-
propagation (STBP) [35] is applied as a supervised learning
method for network training with given teaching signals. For
reinforcement learning, we use proximal policy optimization
by changing the actor-network to SNNs.

B. The hippocampal network

We design the network shown in Fig. 2 to imitate the
memory function of the hippocampus. This module attempts
to learn the Gaussian distribution, as depicted in Eq. 1, and by
doing so, we can consider the spatiotemporal characteristics of
the contact prediction. The module input is the current primary
movement 7i,;, connected to all neurons of the subsequent
recurrently connected SNN (RCSNN). Each neuron of this
recurrent network is connected to the output layer via a one-
to-all pattern. This module outputs the distribution parameters,
indicating the next possible contact, #,, | and 67 ;.

There are two reasons for picking the recurrent network in
distribution learning. From a neuroscience point of view, the
hippocampus is composed of recurrent networks. From the
computational perspective, the task requirement in Gaussian

learning spans a space where diverse primary movements
correspond to different distribution parameters. This property
demands the capability of processing a series of spatiotemporal
information, and the recurrent spiking network is naturally
suitable. Since we aim to predict future contacts, only a
network with one recurrence is not enough to approximate
Gaussian distributions of n steps later. Therefore, we propose a
double-recurrent network to strengthen the temporal encoding
in learning distribution parameters. The RCSNN is the inner
recurrence, and the outer recurrence is the feedback loop of
sending outputs into the RCSNN. It has both neuron-level
and network-level recurrences, and combining these two levels
leads to good performance in learning the essential property
of Gaussian distribution. This novel structure can consolidate
the relationship between each prediction step.

We may choose many types of RCSNNs in the inner recur-
rence depending on which is preferable, modeling accuracy
or biological plausibility. The liquid state machine (LSM)
[36] is a biologically plausible network, including a liquid
layer. Neurons in this liquid layer are recurrently connected to
capture dynamic information, which fades out over time. One
of its peculiarities lies in that all the synaptic connections in the
liquid layer are randomly initialized and fixed, avoiding vanish-
ing gradients. The spiking neural unit (SNU) [37] addresses the
dynamics of a spiking neuron from the viewpoint of recurrent
neural networks, and as a result, training techniques, such as
backpropagation, for artificial neural networks can be directly
applied. We use this SNU as every single neuron and connect
them in a recurrent manner, called RSNU. This structure can
adjust its weights using BPTT and achieve good performance.
In experiments, we compared them, along with the difference
in incorporating inner and outer recurrence.

Based on Eq. 1, we can acquire successive predictions by
applying the convolution of multiple Gaussian distributions
(see Appendix A for more details). To capture the temporal
property, the network outcomes at time ¢ 42 relate to those at
time ¢+ 1

Boo=2W,, Or =207 ®)

The relationship of the above equation also applies to a finite
step n. We expect the network to learn both one-step Gaussian
distribution parameters and the linear superposition property
in the multi-step prediction. Therefore, we add the temporal
convolution into the network and define the hippocampal error
function

n

a=Y 1" -2""2,) 0 (&~2""8). O
i=1

where ¢, and ¥, € (0, 1] are the error function and a discounted

T
parameter in the hippocampal network, g = [l:tT7 (GZ)T} is
the parameter vector composed of the network outputs, g, is
the distribution vector consisting of the desired parameters
of one-step prediction, and the matrix Q, € R*** weights
the variance errors relative to the mean errors. The above
equation considers n future prediction steps, and the discounted
parameter 7, depicts the importance of one step over its
previous step in the overall performance. The training samples



Fig. 3. The cerebellar network where the dotted red and orange lines send
information to the cost function and to update the weights.

are acquired via experiments, and each i1, corresponds to a
distribution vector g,;. We backpropagate the error ej, to update
the network weights.

C. The cerebellar network

Fig. 3 shows the network imitating the structure and func-
tion of the cerebellum. This module attempts to learn the
mechanism of contact compensation. Collaborating with the
hippocampus can deal with not only the current contact but
also the future contact. The network inputs include two parts:
the previous radial velocity #t,;_1, which depicts the motion
state of the robot, and the current radial contact f,, and the
future one, including the predicted mean MU, ; and the vari-
ance 0',2Jrl to represent the prediction confidence. The outputs
consist of the radial velocity and the contact residue prediction
. The velocity input is based on the requirement of contin-
uous movement and the acceleration limitation. The velocity
output intends to reduce the total radial contacts, which sums
the current and the predicted one, considering the variance.
The predicted contact residues estimate the remaining force
after executing the output velocity. This estimation requires
a learned model relating the radial movement to its contact
variation. The contact residues are useful in predicting a series
of future contacts uniting with the hippocampus and sending
the next-step contact prediction to the prefrontal cortex.

The first layer consists of mossy fibers (MFs), which prop-
agate the received information to both the granule cell (GC)
layer and the deep cerebellar nuclei (DCN) layer. Modeled as
a state generator, GCs generate somatosensory neural activity
according to their inputs, and each GC connects to four neu-
rons [38] in the MFs. Parallel fibers (PFs) establish connections
between GCs and Purkinje cells (PCs). The DCN receives two
different inputs, inhibitory from the PCs and excitatory from
the MFs, and fully connects to all neurons in the output layer.

There are two main types of afferent fibers in the cerebel-
lum: mossy fibers and climbing fibers. Mossy fibers originate
from the spinal cord and brain stem, and the information from
each mossy fiber is sent to a large number of Purkinje neurons.
Climbing fibers originate from the inferior olivary nucleus,
and each Purkinje neuron receives inputs from only a single
climbing fiber. Based on this difference in connection type and
information source, we choose mossy fibers as input.

The fact that outputs attempt to reduce contact forces and
predict force residues naturally requires a contact model,
which depicts the relationship between elastic deformation and
contact force. We obtain this model via many experiments and,
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Fig. 4. The prefrontal cortex network where the cost functions receive the

network outputs via dotted red lines and update the synapse via dotted orange
lines.

based on it, design a compensational controller (see Section
V-A) to generate teaching signals. The error function of the
cerebellar network is composed

€ct = (mr,t 7mr,d)T (mr,t 7mr.,d)
+ e (Byyy — ﬁt+1,d)T (B —Biyra)s

where 7. is the weight of the prediction error relative to the
movement error, e. is the error function in the cerebellar net-
work, and the subscript d indicates that the corresponding vari-
ables are the desired variables. The above function considers
both the responding action and the predicted contact after re-
sponse. We acquire the training samples through the following
process. We first experiment to obtain some key parameters,
such as distribution parameters and object stiffness, and then
generate a variety of data using the controllers discussed in
Section V-A. We update the synaptic efficacy using supervised
learning techniques to approximate the planned behavior.

(10)

D. The prefrontal cortex network

Fig. 4 shows the block-based feedforward network imitating
the planning function of the prefrontal cortex. This module
attempts to learn the mechanism of adapting movement based
on contact forces and the task process. It collaborates with
the prediction part (the hippocampus and the cerebellum) and
orchestrates actions (the primary movement) in accordance
with internal goals (achieving the target properly).

The network inputs include three segments: the contact
force, the task process, and the inner parameter. The first seg-
ment consists of the current-measured radial force f, and the
predicted radial force; the second relates to the distance issues,
including the desired length [/, the attained distance mg 1,
the previous velocity 7, ;—1, and the movement limitation; the
last is f;_;, representing the effect of past performance. We
add physical meanings to reduce the computational burden.
The predicted force is received from the other two brain



regions and is composed of the mean f&, , and variance
6‘,2+n. We send them to a block of isolated neurons in the
second layer to separately compute their effects from the
viewpoint of distribution comparison and label its output as
©%p,- The inputs relating to distance incorporate the terminal
signal, which affects movement selection, and we set aside
another block of isolated neurons in the second layer for
individual manipulation, with its output labeled as s;. As
a planning module, the prefrontal cortex network accepts
comprehensive information about past performance, current
evaluation, and future prediction to function effectively. We
send these elements into the layers after blocks, in which the
inner parameter 3, represents the past performance, the current
force and velocity reflect the evaluation of the current state, and
the predicted results depict future possibilities. These layers
also accept the output of the distance-related block to arrive
at the target appropriately. The network outputs include the
planned primary movement and the updated internal parameter.
The first output moves the object toward the target, and the
second output is for successive planning, indicating previous
performance-related information.

Similar to the training process of the cerebellum, we design
a planning algorithm, as shown in Section V-B, to generate
teaching signals. The error functions of different sub-modules
are

eu:(cém—(gp,t)za er=(S1—s1)°, (11)
ep = (tay —titaa) " (a; —1iteq) (12)

where ey, ¢;, and e, are the error functions, ¢, dominates
in the computation block of predicted forces, e; regulates the
outcome of the terminal signal block, e, reflects the goodness
of the overall output, %,; and s; are the teaching signals for
the two blocks, * represents the outputs of each block, and
i, 4 is the desired velocity. We generate training samples by
simulating various situations, given the obtained distribution
parameters and object stiffness via experiments. We first update
the synaptic efficacy of the two blocks independently and then
tune the other part of the network, fixing the block-related
weights. After the network is coarsely trained, we connect all
modules and specifically tune the prefrontal cortex network
utilizing reinforcement learning with the following reward

R— (71)f~<(l*f6ma,[d[)27€> - Yffzpfnn (13)

where € is a threshold determining that the desired position
is close and R is the one-step reward. Iteratively computing
the accumulated rewards along an episode and maximizing it
through reinforcement learning result in the optimal perfor-
mance defined in Eq. 3.

E. The biological plausibility

The biological brain forms various cognitive functions by
incorporating different sub-brain regions. In movement plan-
ning, it integrates the prefrontal cortex [39], hippocampus [40],
and cerebellum [41]. The hippocampus has played key roles
in long-term to short-term memory conversion by incorpo-
rating sequential movement planning in the prefrontal cortex

as induction and spatially-temporal contact encoding in the
cerebellum as decision making. The hippocampus can handle
spatial information (e.g., place cell and grid cell for spatial po-
sition encoding [42]) and temporal information (e.g., sequential
information storage and association [43]) towards efficient and
robust cognitive computation. The prefrontal cortex is a six-
layer brain region but with different subcortical columns for
basic pattern recognition [44]. The cerebellum is also layer-
wised but with fewer layers and more asymmetrical synapses
[45], making it powerful for specialized sequential information
processing. Here, we borrowed these ideas from the biological
brain to build a motion-planning SNN, with more biologically
plausible structures toward biologically efficient movement
planning.

V. TEACHING SIGNAL GENERATION

In a supervised learning manner, we train the cerebellar
network and coarsely learn the prefrontal cortex network.
Therefore, we need to design an appropriate controller and
planner and update the plastic efficacy to reach hand-crafted
behaviors.

A. Compensational controller

In this paper, the cerebellar network aims at compensating
for radial contacts. The radial force variation may be affected
by the compensational movement, the variation due to primary
movement, and the uncertainty. It is reasonable to consider
both the current and predicted contacts to perform well in
compensation. Another concern is uncertainty, which may
come directly from unknown contact surfaces and indirectly
from calibration errors. Therefore, a random radial force will
emerge after each primary movement, even after compensation,
which requires a controller that can handle random states for
radial contact compensation. We describe a controller to avoid
overshooting, whose radial movement takes the form

m =p,o e~ (TP )O(f*pu)’ (14)

where o means the Hadamard product, p;,p, € R**! are
parameter vectors, and T € M2*1 is the time counted from the
appearance of the force to be compensated. The form in Eq. 14
means that, for any given current and predicted radial forces,
we expect the radial movement trajectory to be exponential to
approximate zero without overshooting.

The parameters p; and p, are solved by differentiating the
above equation and employing the elastic deformation model

{ _fht+l =Mpyoe P11,
D _ 15)
M| =2p,opjoe 1P,

where fr,t+1 = [fx,t + %,x.ux,Hlafy,t + 'yr.,y/vly?t+l]T is the radial
contact state considering the prediction values, M is the object
stiffness acquired via experiment, and ¥ € (0,1] is the dis-
counted parameter in the controller. In the above equation, the
first row depicts the linear relationship between contact force
and compensational movement; and the second row originates
from the deviation of Eq. 14. In other words, Eqs. 14 and 15
give the expression of displacement and velocity. Note that



the parameter f, is the sum of the current radial contact and
the predicted values multiplying a discounted parameter. The
parameter ¥, illustrates the confidence in the predicted contact

; :mm{f“gomo,cm)df }

- , 16
o ¥ (0,00)df (16)

where oy is the comparing standard variance. This equation
obtains confidence as the ratio of the probability of the
predicted distribution located between 40y to the probability
of the standard Gaussian distribution in the same range. oy
is similar to a threshold, and a standard variance less than or
equal to it results in % = 1, which means we can completely
trust the predicted contact. The larger the standard variance,
the lower the confidence of the prediction.
With the parameters, p; and p,, the acceleration yields

ﬁlr,z = (4p,op op; —2p,)oe V1P, (17)
where m is the computed acceleration. This value saturates
T S
gy = { o Wil = inas >0 g
' T, otherwise

The outputs of the compensational controller result in
B, =f,, —Mm;Ar 19)

These provide teaching signals for the learning of the cerebel-
lar network.

mr,t = mr,tAt +mr,tfla

B. Movement planner

Given the inputs of the prefrontal cortex network, we first
design a planner to generate axial movements considering
previous confidence, current assessment, and future prediction.

We evaluate the current performance, based on radial contact
and axial velocity

_ Yallfrell2

rga’t =2¢ lmas—1ll _ 1, (20)

where 7, is a scaling parameter for the current assessment
and €, € [0,1] is the defined assessment that monotonically
increases with axial velocity and decreases with radial contact.

For the probability part, we expect a zero contact prediction
and introduce a corresponding parameter

1 Oxt+n  [Oyi+n -
Cpa = / / N Fripn Ben) df (21
P Y —Oxpt+n J —Oytin

where %, is the prediction parameter of n future steps, X;;,
is a matrix with o, and o, on its principal diagonal, and
T, means the probability of a standard multivariate Gaussian
distribution located between +0y;;, and 0y, divided by
the square of the prediction step

N oy, 11
L= [ s @
—V/NnGy 11 J—/n0y, 11

Similar to Eq. 16, the above two equations compute the future
prediction parameter by considering the values that lie within
standard variance.

We evaluate the confidence in prior performance

B =(1+%us)Bi-1- (23)

where B, € [0,1] is an internal parameter, iteratively updating
based on every step assessment.

Considering the above three parameters, we plan the axial
velocity as

’/;lu,t = [1 + ﬁz + (1 + Cga,t) (Cgp,t - Tn)] mu,tfla (24)

where T, is a positive parameter. The above equation presents
a complex composition of using the three parameters to
regulate the axial movement, and a simple example of quick
understanding is that it expedites if B; + %), — T, > 0 holds.
This leads to

= _ min{ma,t;mmax} - ma,tfl
ma,t - At )

where 71, is the computed acceleration. An important signal
indicating whether to decelerate is

sp = 17 min{’;;la,hmmax} Z \/2mmax (l - fé mu,rdf)
0, otherwise

(25)

(26)
where s; is a variable indicating whether the desired length is
close. This value saturates by its limit

fmmaxa S = 1
’;’;la,t = May, Hma,t” < Mnax (27)
Mimax, otherwise

The first row of this equation decelerates the movement when
it is close to the desired length. The velocity output yields

maJ = ma,tAt + ma,tfl . (28)

In summary, we use %,, as the teaching signal for the
function ey, and s; for the function e;. 71, can be the teaching
signal for the function e, to coarsely tune the prefrontal cortex
network.

VI. EXPERIMENTS AND RESULTS

We verify the function of each module and test the whole
structure in experiments. We set the parameters of neuron
dynamics: the potential threshold V;, = 0.5 (a scaled version
of the potential being O at rest and 1 at the maximum), the
decay rate k. = 0.2, and 50 ms for the training time window.
We train our networks on NVIDIA TITAN Xp and learn
the hippocampal module in about 10 hours with one GPU,
the cerebellar module in an hour with eight GPUs, and the
prefrontal cortex module in 48 hours with eight GPUs.

A. Module verification

To test the hippocampal network, we randomly select Gaus-
sian distributions from experiments and learn the distribution
parameters (two horizontal means and two variances) together
with their temporal property. The red lines in Fig. 5 are
the fitting results of the four distribution parameters for one
prediction step, and the blue and green lines represent the
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Fig. 5.

The learning results of different networks imitating the hippocampus. The rows are the results of using feedforward network with feedback, LSM

without feedback, RSNN without feedback, LSM with feedback, and RSNN with feedback, in sequence. The first four columns are the fitting errors of iy, y,
of, and 0'3, and the last column is the corresponding error bars. The solid lines in the first four columns represent the desired parameters, and red, blue, and

green corresponds to prediction steps of n = 1,2,3, respectively

prediction values for n =2 and n = 3, respectively. These three
lines conform to the temporal property inherent in Eq. 8.

To verify the effectiveness of the double recurrence, we
compare the performance of several networks. All networks
have 50 neurons in the input layer, 343 (7 x 7 x 7) neurons
in the hidden layer, and 40 neurons in the output layer. The
first network that we employ is a feedforward network with
feedback, which represents an outer recurrence. We train it
using the error function in Eq. 9, where @, is set as an identity
matrix. A progressive training method is adopted, in which

the n-step prediction network uses the weights of the n — 1-
step as initialization, and the learning rate is also progressively
decreased. We present the learning results in the first row
of Fig. 5. This shows that the network with only an outer
recurrence has quite large errors in predicting the next step and
several future steps. The prediction RMSE of four distribution
parameters for n = 1 averages 14.3 with an averaged variance
of 8.4. All fitting errors increase as the prediction goes further.
After it, we employ two recurrent networks as examples to
view the performance of inner recurrence. In other words, the
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Fig. 6. The compensational results of the cerebellar network. (a) The results
of one hundred trajectories using our model and a PID controller. (b) The
forces of the first 20 steps averaged over the 100 trajectories.

training process only considers n = 1 while the testing process
attempts n =2 and n = 3. This manner is mainly determined by
the structure where no feedback is supported. The second row
in Fig. 5 shows the results of LSM without feedback, and the
next row displays the results of the RSNN without feedback.
Both networks generate fewer fitting errors for predicting
one step, averaging 4.0 for LSM and 2.2 for RSNN. The
comparison of the two networks shows the importance of
trainable inner recurrence. This trainable-untrainable differ-
ence also affects the performance of predicting deeper into
the future. The RMSE of LSM increases with the increment
of prediction steps, and most predictions become increasingly
smaller than the labeled values as the movement step increases.
The RSNN behaves differently. Its outputs corresponding to
small movement steps increase rapidly and then saturate, with
similar RMSEs for n =2 and n = 3. Comparing the first three
rows in Fig. 5, we can conclude that the inclusion of inner
recurrence can predict well for one step, and the inclusion of
outer recurrence leads to a moderate error increment as the
prediction steps increase.

Last, we use the two recurrent networks with feedback to
verify the performance of double recurrence. The last two
rows in Fig. 5 show the learning results. The LSM with
feedback still presents an increasing trend as the prediction
step n enlarges, averaged 5.2 for n =1, 11.2 for n =2, and
23.3 for n = 3. This fourfold average illustrates from another
viewpoint that the network with untrainable inner recurrence
cannot handle well the temporal property. However, with outer
recurrence, it can feasibly reduce the prediction errors of
the next several steps, 46% for n =2 and 41% for n = 3.
The first four subfigures of the fourth row in Fig. 5 show
that the predictions are not well coincident with the labeled
data, even for the next step, and their deviations become
more severe as predicted further. That is the negative side
of untrainable neurons. The RSNN with feedback has the
best performance. Compared to the network without outer
recurrence, it remarkably improves the accuracy of predicting
deeper, at the expense of slightly increasing the prediction error
for n = 1. Specifically, this double recurrent structure increases
prediction errors from 2.2 to 3.8 for n = 1 but reduces from
60.3 (65.9) to 4.9 (7.3) for n =2(3). The first four subfigures of
the last row in Fig. 5 reveal the coincidence of the predictions
and the labeled data for each prediction step. This result yields

Fire rate
e S S 4 e
o= o >4

S
o

e

Fig. 7. The fire rates of each module, where the abbreviations of “hippo”,
“cere”, and "pfc” represent the modules of the hippocampus, cerebellum, and
prefrontal cortex.

the advantages of outer recurrence. Comparing the two double
recurrent networks shows that these trainable neurons can
deliberately increase the fitting accuracy for each prediction
step. Viewing the first and last rows in Fig. 5, we conclude
that the addition of inner recurrence improves the accuracy by
73% for n =1 and 91% for the next two and three steps. All
these results verify the effectiveness of the double recurrence
in dealing with temporal property.

We test the cerebellar network and compare it with a PID
controller. The network has 64 neurons in the MFs, 4000 in
the GCs, 1600 in the PCs, and 8 in the DCN. We train it
in a thousand iterations. The parameters of the comparative
PID controller are regulated using the Ziegler-Nichols method.
We randomly select the initial states: radial force fo in
[64,80] mN and radial velocity 7o in [—2,0] pm/s. Suppose
the velocity of the primary movement is 30 um/s, and the
parameters for contact prediction are shown in Fig. 5. In each
step, we use Gaussian sampling to acquire contacts due to
primary movements. Fig. 6(a) shows the results of one hundred
trajectories. Since the initial radial velocity is negative, the
forces increase first and then decrease gradually, and our
model presents fewer radial forces than the PID controller
since it considers the contact prediction. After the first 20
steps, the effect of large initial forces and negative velocities is
compensated, and the controller mainly focuses on the contact
caused by primary movements. That is why the forces do not
approach zero since the next contact conforms to a distribution.
Fig. 6(b) shows the mean force for each trajectory of the first
20 steps. Our model produces 76 mN radial forces on average,
and the comparative controller generates 88 mN. These results
show the advantage of the cerebellar network.

Compared with traditional networks, SNNs have the ad-
vantage of energy efficiency. We test each module on 256
iterations of computation and present their fire rates in Fig.
7. The firing rate varies with the inputs. Most neurons of the
hippocampal module fire at a ratio of 0.3, and a smaller input
corresponds to a lower fire rate. As the inputs are close to zero,
all those neurons are at rest, as depicted in Fig. 5. The mean
and the standard variance of the fire rate of the hippocampal
module are 0.26 and 0.08, respectively. In contrast, the fire
rate of the cerebellar module is relatively uniform, and the
neurons fire at a ratio between 0.2 and 0.45 for different
inputs. The mean and the standard variance of the fire rate
of the cerebellar module are 0.34 and 0.08, respectively. The



Fig. 8. The experimental platform to assemble objects in high precision.
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Fig. 9. Gaussian distribution verification and parameters acquired in ex-
periments. (a) The mean force measured with insertion distance of 2 um, 5
um, 10 pm, 20 um, 30 wm, 40 wm, and 50 pum. (b) The variance with the
above feeding distances. The dotted lines are the fitting results to meet the
requirement of Eq. 8.

prefrontal cortex module has the largest fire rate range: Many
neurons have fire rates as high as 0.63, but some are even lower
than 0.1. The prefrontal cortex module fires with a mean of
0.37 and a standard variance of 0.20. The average result of
the three modules is a fire ratio of 0.33, demonstrating energy
conservation using spiking neurons.

B. Experiments

We test the proposed structure on a precision assembly
platform, as shown in Fig. 8. The platform possesses three
microscopes, two force sensors, and six robot arms in total.
In this experiment, we employ only two microscopes, one
force sensor, and two robot arms, which are sufficient for
verification. The contact parts of the two objects are hollow
cylinder-shaped: the hole is 50 wm thick and 4.1 mm in
diameter; the peg is 50 um thick, 4 mm long, and 4 mm
in diameter. The interference between two objects lies in
0~ 5 um. The arm gripping the peg is equipped with three
linear ball guides Suguar KWG06030-G, whose translational
resolution is £0.5 um, to achieve 3D translational movement
and a two-axis rotation stage Sigma KKD-25C, for two-DOF
manual tilt adjustment. The arm holding the hole has an
elevator stage Micos ES-100, with movement errors within
0.1 wm, to fulfill the insertion and three motorized goniometer
stages KGWO06050-L, KGWO06075-L, and SGSP-40yaw, for
rotation. The force sensor is Nano-43 with a resolution of

TABLE 1. THE PARAMETERS USED IN EXPERIMENTS.
Tinax M Ya Ye Yr Ty
100 um/s 80 mN/pum 0.5In2 1 1 0.5
Fimax ! Co Bo Y n
20 pum/s* 2.05 mm 0.1 Newtons 0.3 0.9 3

1/128 Newtons, which can be improved with filtering. The
horizontal microscopes are GC2450 and PointGrey 50S5M-
C, used in the alignment process. Tab. I shows the parameters
adopted in experiments. The two objects are 50 um away after
alignment, and the target is to insert the peg 2 mm into the
hole, which leads to [ =2.05 mm. Py is the initial set of the
inner parameter f; in the prefrontal cortex. The parameter ¥,
zeros the assessment ¢, corresponding to maximum velocity
and 200 mN radial contact.

We first verify whether the insertion conforms to a Gaussian
distribution. We assemble the two objects to a randomly
picked point, where we repeat to insert and withdraw with
a fixed insertion step many times. Fig. 9 presents the mean
forces and variances with insertion distances of 2, 5, 10, 20,
30, 40, and 50 um. The mean radial force for insertion of
10 um is [12.7,20.3]T mN, and the corresponding variance
is [23.2,7.0]T mN?. When the insertion step changes to 50
wm, the mean and variance become [29.6,51.7]T mN and
[56.3,26.4]T mN?. This shows that different insertions will
result in different radial contacts. It also appears that the
Gaussian parameters scale with the insertion step. The larger
the insertion step, the larger the mean and variance of the radial
contact. If the insertion velocity remains high, the increment
of radial contacts due to insertion is not a negligible factor
in consideration of compensation. The large variance of the
high insertion velocity results in low confidence in the radial
contact prediction. To meet the requirement of Eq. 8, we fit
the curves with lines and use them to train the hippocampal
model. To investigate the modeling errors, we present the
proportions of the change in the radial force and the fitting
curves with several insertion distances, as shown in Fig. 10.
We organize the force changes into groups with an interval
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velocity of the compensational movement sy, and sy, .

of 7 mN, corresponding to the resolution of the force sensor.
Viewing from left to right (increasing the insertion step), the
fitted Gaussian curve shifts to the right (increasing its mean)
and becomes flatter (increasing its standard variance). From
top to bottom (comparing the two horizontal axes), the x-axis
force has a smaller mean value but a larger standard deviation
relative to the y-axis force. We measure the goodness of
Gaussian fitting with the R-square, which are all beyond 0.96,
experimentally verifying the correctness of using a Gaussian
distribution to model the contact.

We employ the RSNN with feedback to learn this Gaussian
distribution and apply the same network structure as used in
the preceding subsection for the hippocampus and cerebellum.
We select 64, 256, 512, 512, 128, and 4 neurons for each
layer of the prefrontal cortex module and train this network. To
verify the effectiveness of the proposed structure, we insert the
peg into the hole and examine the performance in movement
efficiency and radial compensation. Fig. 11 shows the inserting
and contacting results. The inserting process consists of three
parts: starting with maximum acceleration, steady inserting
with full speed, and decelerating to the desired state, as shown
in Fig. 11(b). The acceleration in the first and third parts is

close to its maximum value, but it does not reach and maintain
the maximum value like manually designed controllers. It takes
28 seconds to accomplish the task, as shown by the trajectory
in Fig. 11(a). Figs. 11(c) and 11(d) illustrate the radial contact
and velocity. The cerebellar module is trained to generate
radial movements considering both the current force and the
predicted contact based on the distribution parameters stored
in the hippocampal module. The radial contact is limited to
a small range while the insertion is fast, as shown in Figs.
11(b) and 11(c). Recall that for insertion of 50 um, the radial
force increases by approximately 59 mN. For a double insertion
velocity, the radial contact in Fig. 11(c) is within 50 mN and
averages 25 mN, taking into account the uncertainties and
disturbances in insertion. These results show the effectiveness
of the proposed structure.

We apply the force-based method proposed in [3] to carry
out the insertion with the same objects and compare the ex-
perimental results. The comparison work uses an incremental
PI controller, which is model-free, and the proportional and
integral parameters are 0.5 and 0.3. Since this approach has no
capability of predicting future contact, we set a fixed insertion
step Am, =20 um, a conservative insertion strategy, to guaran-
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tee acceptable interaction forces after each insertion. A slightly
deeper insertion than this picked step will inevitably produce
much larger contact forces. We apply the same initialization
and target, and Fig. 12 shows the experimental results. As the
peg inserts deep, the radial forces increase, and the largest
contact is close to 100 mN. Viewing Figs. 12(a) and 11(c), we
note that the proposed approach spends less than one-third of
the steps while producing half of the maximum radial contact
compared with the method in [3]. This means that even with
a conservative insertion strategy, the comparative controller
still generates larger contacts. This comparison shows the
advantage of the proposed approach.

We carry out another comparison experiment, in which a
model-based method in [7] is employed to control insertion
based on contact prediction. The comparison uses a Gaussian
distribution to fit the radial force variation and, based on it,
plans the axial movement. It does not consider the predicted
force in the radial compensation. Fig. 13 shows the perfor-
mance of applying this comparative method. This manually
designed controller takes the maximum acceleration in the
accelerating and decelerating parts, ending in 26 steps, but
leads to larger radial forces. As shown in Fig. 13(c), the radial
force reaches 160 mN at some steps and averages 78 mN.
Compared with it, the proposed method produces only one-
third of radial forces. These results demonstrate the advantage
of the proposed method from another viewpoint.

VII. CONCLUSIONS

This paper presents a novel structure to imitate the join-
t function of multiple brain regions for precision physical
interaction. We use three modules to simulate the memory
function of the hippocampus, the controlling function of the
cerebellum, and the planning function of the prefrontal cortex.
In the hippocampus, we propose a double recurrent network
to consider the spatiotemporal property of the Gaussian dis-
tribution. We apply a cerebellar module to compensate for
radial forces. Uniting these two brain regions, we can predict
the radial contact of a series of future steps after considering
the compensation capability. We simulate the prefrontal cortex
to plan axial movements based on past performance, current
assessment, and future prediction. The cooperation of these
three modules mimics the joint function of corresponding brain
regions. We provide an appropriate controller and planner

for teaching signal generation and use reinforcement learning
to fine-tune the network. Experiments validate the proposed
method.

In the future, we will extend this research to more compli-
cated scenarios in robot planning and control, mimicking joint
functions of more brain regions. We will also investigate how
to leverage these studies in robots to explain phenomena in
neuronal activity.

APPENDIX A
THE TEMPORAL PROPERTY OF THE MOVEMENTS
CONFORMING TO GAUSSIAN DISTRIBUTIONS

In this part, we show how to predict n successive steps and
demonstrate the temporal property. We expand Eq. 1 in the
following form

P (fr.t-&-lVr,tv ]

t+1

I’i’ladt> = </V (fr,t+1 lfr,t + p‘r’na‘, ’zma,t) :

(29)
Its difference from Eq. 2 is that we replace the subscript
of distribution parameters from time-related to movement-
related to facilitate later formula derivation. Based on the above
equation, we can acquire the probability of the contact at the
time 7+ 2

142
P (fr,t+2[fr,l+la/ madt>

t+1
= /=/V (fr,t+2 i1 + By, ,Zma,,ﬂ) (30
N (fr,l+1 lfr,t + I"’r‘nu",?zma.r) dfr,tJrl'

The above equation integrates all the possibilities that the
movement from ¢+ 1 to ¢ +2 transits from all possible f,;,
to f;12. Because the mean value of the distribution of f,, .,
is linearly dependent on f,,,,, we can translate f,, ., by
subtracting f,,, |, which yields

142
P (fr,t+2[fr,l+la/ madt>

t+1
= /=/V (fr,t+2 —fri ‘“mu,,ﬂ )Zma,prl) G
N (fr,l+1 lfr,t + I"’r‘nu",?zma.r) dfr,tJrl'

According to the definition of convolution, we can write the
probability of f,, , in a convolution form of two Gaussian
distributions

142
P (fr,l+2[fr,l+l7 / madt)
Jt+1

=N (fr,t+2 *fr,H—l “‘maﬁl ’Ema.l+]) (32)
* N (fr,z+1 i + I‘l’mmt?zma,t) :

The next primary movement 7,1 can be arbitrary, but since
we aim to predict future contacts based on the current planning,
it is reasonable to assume that the primary movement holds
its value, ie., M, . =M, and X = L,,. With this

ma«,IJrl
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assumption, we apply the Fourier transform and inverse Fourier
transform to the above equation and obtain the final result of
the probability of f,,,»

t+2
p (fr,t+2Vht+1ﬂ[+l mdd[) =N (fr7t+2 lfr,t + 2“1?1,11722"":17:) :

(33)
We repeat this process to acquire the distribution of future n
steps and similar results are acquired

1+n
P (fr,t+n lfr,t+n—1 ) / madt>
t+n—1

(34)
=N (f rtsnlf s + ”ﬂma,,,”zma,z)
From the above equation, we conclude that
Bon=nly Erpn=nE,. (35)

This equation is the general expansion of Eq. 8, where
constant movement velocity is assumed for the considered
future steps. The linear property is based on the temporal
sequence and should be applied to most of the movement. This
leads to another relationship: the distribution parameters are
the same for the double movement velocity in one time-step
and one velocity in double time-step, i.e., Foig i = B,y
and zma,t = ):Z'ha,r .1+ In other words, the parameters versus
movement velocities are lines, and the difference between the
lines for n time-steps and once step mainly exists in the slope,
as shown in Fig. 5.
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